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PREFACE. 


The ground covered by thin book includes those portions 
ol’ Statics which are generally read in an elemt*ntary course', 
and for which little or no knowledge of Trigonomc'try is 
requirc'd. It may, with advantage, be rc'ud afte^r the' same 
authors’ Dyfiamica^ as the latter book gradually leads u]> to 
the rarallelogram of Forces, which forms the' basis of Statics. 
Eut this course is (juite optional, for the pre'se'ut boe>k assumes 
no previous knowledge of Dynamics, anel the few' elynamical 
facts and definitions reejuireel for tlie^ proof e)f the I*arallelo- 
gram of Forces arc briefly re'capitulated in tlie first chapter. 

Eveiry endeavour has be'e'ii inaele^ to remove', as far as 
])ossible, all eliflieulties usually experienced by beginners 
when reading Statics for the first time. For this reason, 
hints and explanations have been freely given wdiereveT it 
seemed desirable, and the important propositions havei beesn 
profusely illustrated by workod-out examples. In several 
cases these examples precede instead of following the general 
investigations, and it is lioped that the reader will thus the 
better learn how' to work out similar c'xamples I'rom first 
principles instead of mertily obtaining their answers by 
quoting cc'rtain formula' from memory and substituting 
numerical values in th('ni. 

In most text -books on Statics, the Mi'chanical Powers are 
collected together in a chapter near tlu; ('nd, and m "Cparati' 
chapter also is usually dcAoted to “Virtual” Work. After 
much careful deliberation, we have decided to depart from this 
jdan. The various maidiines are introduced as soon the 
principles on which they depend have been explaiio'd, and 
it is hoped that the ('arlicr chapters have thus been luade 
more interesting. The Principle of Work is freidy employed 
throughout the hook as furnishing verifications or altiaaiatiA e 
proofs of results which havi' been established ind('])endi ntly. 
Those wdio wish to omit all foiisideratioiis relating to 
will have no difficulty in doing so, as the sections in question 
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}]av(‘ iKicii kept (listirif t and can readily be picked on| by 
their lieiiflin^s. 

Anioiifj:; otln r sjxM'iul featurej- of* the book, we niay, perhaps, 
cull attention to tln^ modification of Newton’s proof of the 
]*arallelograin of Forc(‘S (]>. A), tin* sirn])h‘ ('xprossion for 
tlie resultant of two for(;es including any angle (p. 20), the 
svmjn(‘tric conditions of e(juilibriuni of thn'e ])arallel for('es 
(p. Hr,), 

Tli(' gi'iieral ari’angeinent the same as in th(r authors’ 
J)}jiKimKs. Tm o sizes <,f type are used, all the important 
bookwork laing ])rint(‘d in tin* larger ty])o, whih' hints, 
ex])lanations, examples, alternative* proofs, and a few of the 
less importajit theorems an* ])rinted in smaller type*. Those 
jirti( h's whicli deal with the fundamental principles of the 
subjeet — such as the Tarallelogram of Forces — have their 
9n/wh('rs !is well <is their luiudings printed in dark t)^)e (thus 
— 136 ). The'^r the sttnh'iit should he ;d)le to r(‘produce 
from nn'inory. 

It^ is ho])ed that the “ Summary of llesnlts ” at the end of 
(«u'h c,ha])ter will ]»rov(‘ of use in facilitating a final revision 
of the whole subjeet . 

\Vh(T(‘ results are given .is <<)i ollm k it is not in most 
cas(*s snllieient in ])ro\ina tliern to (juot< the refuflt of the 
])roi)osition on N\hieh tht \ di ],end ; the studt'iit will do widl 
t(» \\i‘it<' out eonqdi'ti' ]‘roofs, (‘m])h)ying, as fai as desirable, 
the same inefJmdn of -jiroof as are us<'d for the ])ropositions 
themselves. 

In the letba’pi’ess, letters whi( h denote ^fontts in tigures 
are printial thus— P, Q, s(» that PQ will ilenoti' a line and 
PQR an nngle or a triangle Li'tti'r^ denoting algebraic 
maiintl udes, sm h as foi’ei's, are ])riiited in ordinary italics 
thus — ]\ so that P(^ and PQ]\ rh-note i)roduets of two 
and threi* algebraic quaiititii's, res]»eetively. in a few of 
Die tigures this rule h.is not luvii adhered to where no 
confusion is likely to arise. 

Our thanks are due to Mr. F. lu,senberg for the great care 
and trouhh' he has taken in reA’ising th(‘ ])roofs. 

W. E. 

liiui.iM.roN Jlor.si., O. H. Jk 

CaMP.KI 1*1. K ; 

July, JH94. 
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STATIOS. 


PART I. 

EQUILIBRIUM OF FORCES AT A POINT, 

CHAPTER I. 


THE PARALLELOGRAM OF FORCES. 

1. Statics is that branch of Mechanics which deals 
with forces applied to a body or a number of bodies at 

rest. 

For the present we shall only consider the properties of 
forces applied to a single particle. In Chap. IV. we shall 
treat of forces acting on a body of extended size. 

2. Force is defined as that which changes or tends to 
change a body’s state of rest or motioni 

A particle is a body whose size is so small that it may 
be regarded as a quantity of matter collected at a single 
point. 

3. Two forces are said to be equal if, when they are 
applied to the same body for equal intervals of time, they 
tend to impart the same velocity, or change of velocity, to 
the body. 

If one force imparts double the change of velocity that 
would be imparted on the same body in an equal interval 
of time by another force, the first force is said to be double 
the second, and so on. Thus forces are proportional to 
the velocities they would impart to the same body in 
equal intervals of time. In this way different forces may 
be compared, and the magnitude of a force may be 

STAT. B 
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measured in ter^s of any force which is chosen as the 
standard or unit of force.” 

The direction of a force is defined as the direction of 
the velocity which it tends to impart to the body on 
which it acts. 

Thus force is characterized by having both magnitude 

and direction. 

4. When a force is applied to start a body from rest, the actual 
diittanee traversed in any time is proportional to the force*, and the 
actual direction of motion is the direction of the force. Thus, if a 
body initially at rest is pulled with a force of 2 lbs., it will move in the 
direction in which it is pulled, and the distance which it will move 
over in one minute will be twice what it would move over if pulled 
by a force of 1 lb. for the same time. 

5. Equilibrium. — Begultant force. — If two equal 
forces act on the same particle in exactly opposite direc- 
tions, the motion which one force tends to impart is 
exactly the reverse of that which the other tends to 
impart. The ])article cannot move in opposite directions 
at the same time, and there is no reason why it should 
move in one direction rather than the other. Hence it 
will remain at rest, and the two forces will be said to 
balance, or be in equilibrium. 

When several independent forces are applied simulta- 
neously to a single particle at rest, the particle may either 
remain at rest or begin to move in some direction. 

If it remains at rest, the forces are said to balance, or 
be in equilibrium. 

If it starts into motion in any direction, this motion 
must be the same as would be produced by a certain 
single force of suitable magnitude applied in that direc- 
tion. This force is called the resultant of the several 
forces. 

Conversely, any forces which have a given force for 
their resultant are called components of the given force. 

It should not be forgotten, however, that forces are in equilibrium 
when the body on which they act moves uniformly in a straight line 
just as well as when it is at rest {Dynamiet, ( 198). 


* See Dynamics, Cliap. VI. This follows at once from the equations 
pMmf s * 
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6. Systems of foress. — The forces with which we 
shall deal in Statics will always be supposed to be kept 
in equilibrium. But it is often necessary to consider 
the properties of some of the forces apart from the rest. 
Any number of forces may be called a system of forces, 
and may subsequently be referred to as “the system*^ to 
avoid repeatedly specifying what forces are meant. 

When a number of forces have a resultant we may 
reduce them to a system in equilibrium by applying an 
additional force equal and opposite to that resultant. 
For the whole system is then equivalent to two equal and 
opposite forces (viz., the original resultant and the added 
force), and is therefore in equilibrium. 

Conversely, when any number of forces are in equili- 
brium, each force is equal and opposite to the resultant 
of all the rest taken together. 

7. Point of application of a force. — The conditions 
of equilibrium of a system of forces do not depend on the 
nature and mass of the body on which they act, but only 
on the forces themselves. We may, therefore, speak of a 
force as acting at a point, meaning a force “ applied to 
any particle placed at that point.'' And the point of 
application of the force is “ the point at which the 
particle acted on by the force is situated." 

These must, however, be regarded merely as abbreviations, for 
force can only act where there is matter for it to act on. 


8. Statical nnits of force. — The forces which occur 
most frequently in Statics are those due to weight. Hence 
the most convenient statical unit of force is the weight of 
a pound.^ and this we call “ a force of 1 lb." Larger forces 
may, however, be measured in hundredweights or tons. 

If the French system of weights and measures is used, 
the statical unit of force will be the weight of a gramme 
or of a kilogramme (1,000 grammes), according to which 
is the most convenient. 

Thus, in Statics, forces are always measured in gravitation 
units unless otherwise stated. 
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9. Forces may be represented by straight lines. 

— In order to completely define a force, it is necessary to 
specify (i.) its point of application, 

(ii.) its direction, 

(iii.) its magnitude. 

All these data will be specified by a straight line of 
finite length, provided that 

(i.) the line is drawn from the point of application 
of the force, 

(ii.) it is drawn pointing in the direction of the force, 
(iii.) its length is proportional to the magnitude of 
the force. 

Such a straight line is said to represent the force. 

The sense of the direction may be shown by an arrow 
drawn on or by the side of the line, or by the order of the 
letters used in naming the line. Thus AB represents a 
force acting from A towards 5, BA a force acting from B 
towards A. 

10. On the choice of a scale of representation.-- In ordor 
that tho length of a straight line may represent the magnitude of a 
force, tho line should proporly contain as many units of length as the 
force contains units of force. Thus, if a line 1 inch long represents 
a force of 1 lb., a line 2 inches long will represent a force of 2 lbs., 
and so on. Very often, however, it is necessary to adopt some other 
scale of representation suggested by the conditions of the problem. 
tre nuiij 80 choose the scale of representation that one of the forces is 
represented hy a straight line, of any length ue phase. When this has 
been done, a line of double the length will represent double the 
force, and so on, so that the lines representing all the other forces will 
then bo fully determined. 

Thus it might be convenient for some reason to agree to represent a 
force of 7 lbs. by a length of ^ inch. On this scale a length of i inch 
would represent a force of 14 lbs., and so on. 

11. It is often necessary to represent a force in magnitude and 
direction only by a straight line not drawn from its point of applica- 
tion. A force will be represented to this extent by any straight line 
drawn equal and parallel to the line which fully represents it, for 
parallel straight lines are to be regarded as having the same direition. 
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12. TAE PA&ALLEXiOOBAM OF FOECES.— 
If two forces acting on the same particle be repre- 
sented by two adjacent sides of a parallelogram, 
drawn from their point of application, their resul- 
tant shall be represented by the diagonal of the 
parallelogram drawn from that point. 

Let two constant forces P, Q be applied to a particle at 
rest at in directions AB% AC) respectively. 

Let AB ho the distance the particle would traverse in 
a given time t if it were set in motion by the constant 
force P alone. 

Let AD he the distance traversed in the same time if 
acted on similarly by Q alone. 

Complete the parallelogram A BCD. 

Then shall AC he the distance traversed by the particle 
in the time t if set in motion by both forces P, Q acting 
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P 

Fig. 1. 


on it simultaneously in directions parallel to AB) AD, 
respectively. 

Also AB) AD shall represent the forces P, Q, and AC 
shall represent their resultant. 

(i.) For, since the force Q always acts parallel to the 
line BC) it can bave no effect in changing the rate at 
which the particle approaches BC in consequence of the 
other force P. Therefore the particle will reach the line 
BC in the same time, whether the force Q be applied or 
not. Therefore at the end of the time t it must be some- 
where in the line BC. 

Similarly it must be somewhere in the line DC. 
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Therefore at the end of the time t the particle mimt be* 
at C, the intersection of and DC* 

Therefore AC the distance actually traversed in the 
time t. 



(ii.) Hence the resultant of P and Q must be that force 
which would move the particle from rest along AC in the 
time t. It must therefore act in the direction AC* 

And since the distance traversed in the given time i by 
a particle starting from rest is proportional to the force 
acting on it (§4), therefore AB, AD, AC are proportional 
to P, Q and their resultant. 

Therefore AD represents Q on the same scale that 
represents also AC represents the resultant of P and Q 
on the same scale. 

Therefore the resultant is represented hy the diagonal of the 
parallelogram whose sides represent the two forces * [Q.B.D.] 


13. Experimental verification of the Parallelogram 
of Forces. 

(a) Mechanical Details. — Take three strings ; knot 
them together in a point. To their ends attach any three 
weights P, Q, R, say P, Q, Plbs., respectively (any two of 
which are together greater than the third). Allow one 
string to hang freely with its suspended weight /?, and 
pass the other two over two smooth pulleys H, K, fixed in 
front of a vertical wall (Fig. 2). 

(h) Geometrical Construction. — When the strings 
have taken up a position of equilibrium with the knot at 

* The above proof is an adaptation of Ne-wton’s original proof to the cose of 
constant forces. The usual “ dynamical" proof is given in DynamUSt ^ 171. 
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>1, measure off along AH^ AK lengths AB^ AD^ containing P 
and Q units of length, respectively. On the wall com- 
plete the parallelogram A BCD, and join AC, 



(c) Observed Facts. — Then it will he invariably found 

(i.) that the diagonal AC is vertical ^ 

(ii.) that AC contains B units of length. 

(d) Deductions. — Now the knot A is in equilibrium 
under the pulls P, Q, E acting along the strings, respect- 
ively. Therefore the resultant of P, Q is equal and 
opposite to the weight E. 

Therefore it is a force of E lbs. acting vertically 
upwards. 

But AO is vortical, 

AG represents the resultant in direction 

Also AC contains E units of length ; 

AC represents the resultant in magnitude. 

But AB, AD represent the forces P, Q. 

Therefore the diagonal of the parallelogram represents the 
resultant of the two forces which are represented separately 
by its sides, [Q-E.D.] 
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14. Fig. 2 is drawn for the case in which P * 2 lbs., « 3 lbs., 
P * 4 lbs. The measured lengths AB, AD must therefore contain 
2 and 3 units of length respectively. When the parallelogram is 
constructed, the diagonal AC will be found to be verticial and to 
contain 4 units of length. 

OusBEVATioN. — Each experiment proves the Parallelogram of 
Forces to hold good for one particular set of forces only. To give 
a satisfactory proof it would be necessary to perform a lar^e number 
of such experiments, using different arrangements of weights each 
time. 

Example . — To find the resultant of forces of 7 lbs. and 11 lbs., 
whose directions include an angle of 60^^. 

Take any unit of length and measure oQ AB^ AD containing 7 and 
11 units respectively, making / BAD = 60°. Complete the parallelo- 
gram A BCD. 



Fig. 3. 


Then AC represents the resultant. 

On AC mark off from A a scale of the selected units. Then C will 
be found to lie between the 16th and Idth marks, so that AC contains 
about 16^ units. 

Th(*reforo the resultant force «= 15i- lbs. wt. roughly. 


15. Ma(f the parallelogram is stifficient. Since BC is equal and 
parallel to AD^ it represents the force Q in magnitude and direction, 
but not in position (as in § 11), Hence, if two forces acting on a 
particle are represented in magnitude and direction onlg by two sides 
of a triangle, AB^ BCy their resultant is represented in magnitude and 
direction by the third side AC, 
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16. The Triangle of Foreee.^i/' three forces acting 
on the same ^particle can he represented in magnitude and 
direction (hut not in position) hy the sides of a triangle taken 
in order they shall he in equilibrium. 

Let three forces P, Q, P, acting on the same particle 
at 0, be represented in magnitude and direction (but not 



Fig. 4. Fig. 5. 


in position) by the sides BC, CA^ AB of the triangle ABCy 
respectively. 

Then shall the forces be in equilibrium. 

Complete the parallelogram A BCD. 

Then the forces P, P are represented in magnitude and 
direction by AB, AD^ and they act at 0. Hence, by the 
Parallelogram of Forces, their resultant is similarly 
represented by AC^ and also acts at 0. 

But Q is represented by CA. 

Therefore the resultant of P, P is equal and opposite 
to the third force Q. 

Therefore the three forces are in equilibrium. [Q.E.D.] 

Obbekvations. — T he three forces must not act along the aides of the 
triangle. They must act at a paint in directions parallel to these 
sides, as in Fig. 5 ; otherwise they cannot be applied to the same 
particle, and the proof fails. 

The angle between any two forces is the supplement oj the corre- 
sponding interior angle of the triangle. Thus 

/ between R, T {i.e., i JtOPin Fig. 5) /. BAD ~ 180'^— i ABC. 

* The sidea of a triangle or polygon are said to be takeiv in order when of any 
two adjacent sides one is drawn towards and the other away from their common 
angular point. 
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17. OoavarM of the Triaaglo of Foreos. 

If three forces acting on a particle are in equilibrinm, 
anj triangle whose sides are parallel to the directions of 
the forces shall have the lengths of these sides proportional 
to the magnitudes of the forces. 

Let P, Q, B be three forces in equilibrium acting at 0, 
and let ABC be any triangle whose sides CA, AB are 
parallel to P, Q, P. 

Then, if the scale of representation be properly chosen, 
BC^ CA, AB shall represent P, Q, B in magnitude as well 
as dii'ection. 

For let the length BG he chosen to represent P. (§ 10.) 

li C A does not represent Q, let CK represent Q, 

Then, by the Parallelogram or Triangle of Forces, the 
resultant of P and Q is represented by BK. But P, Q, B 



are in equilibrium. Hence B must be represented by the 
lino KB^ equal and opposite to the resultant BK. But, by 
hypothesis, B acts in the direction AB Therefore Q 
cannot be represented in magnitude by any other lengtli 
than GA, and therefore also, by the above I'easoning, B is 
represented hj AB. 


OUSEIIVATION. - 

relations 


-The above condition may be expressed by the 
r __BC Q CA H AB 


Q CA' 


AB' P BC' 


which may also 


be written * —‘l . 

BO CA AB 

It is proved in Euclid, Book VI., Prop. 4, that any triangle whose 
angles are equal to those of ABC has its sides proportional to those of 
ABC. Hence, if any triangle be drawn whoso sides are parallel to BC, 
CAi ^i?, these sides will also represent P, Q, i?, but on a different scale. 
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18 . T)v$ Polygon of Porooo. — Jf any number cfforcee 
acting on the same particle can he represented in magnitude 
and direction hy the sides of a closed polygon taken in order^ 
they shall he in equilibrium. 

Let the forces P, Q, P, iS, acting on a particle at 0, be 
represented in magnitude and direction (but not in 




position) bj the sides AB^ BO, CDt DA of a polygon ABCD. 

Then shall the forces be in equilibrium. 

For, as in the Triangle of Forces, or § 15, the resultant 
of the forces P, Q is represented in maguitude and direc- 
tion by AC’ 

Therefore the resultant of P, Q, P is the same in mag- 
nitude and direction as that of forces AG and CO, and 
therefore similarly represented hj AD. 

But the force b is represented by DA. 

Therefore S is equal and opposite to the resultant of 
P, G, P. 

Therefore the forces P,Q,P,/S* are in equilibrium. [Q.E.D.] 

The observations at the end of § 16 are equally applicable to the 
Polygon of Forces. 

We have considered the case of four forces, but the proof may be 
similarly extended to any number of forces. 

19. To construct the resultant of any number of 
forces acting on a particle. 

Let the given forces be represented by the straight 
lines ABy BC, CC, taken in ordei’, forming all the sides but 
one of a polygon. Then, if the polygon be completed by 
drawing the remaining side /rom the extremity of the 
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first side, to /), the extremity of the last side, the line AD 
will represent the resultant force. 

This is evident from the last article. 

It is immaterial in what succession the forces are represented. The 
form of the polygon will depend on which force is represented first, 
which next, and so on ; hut the line representing the resultant will 
be the same in every case. 

For, consider the case of two forces P, Q, acting at A (Fig. 1). If 
we represent F first and Q, second, the lines representing them will he 
AB^ BCy respectively, and the resultant will oe represented by AC. 
If we represent Q first and P second, the lines representing them will 
be the opposite sides AD, DC, respectively, and therefore the resultant 
will still be represented by AC. The same property may be extended 
to any number of forces by interchanging their order of succession of 
representation, taking two at a time. 


20. Converse of the Polygon of Forces. 

If any number of forces acting on a particle are in 
equilibrium, a closed polygon can be drawn whose sides 
represent these forces both in magnitude and direction. 

Let the forces P, Q, P, P, acting at 0, be represented 
by AB, BC, CD, DE, respectively, these lines being joined 




Fig. 11. 


end to end. Then, if the figure ABODE is not a closed 
polygon, the forces will have a resultant represented by 
AE (§ 19), and will, therefoi*e, not be in equilibrium. 

Therefore the lines representing the forces must be 
capable of being formed into a closed polygon. 
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21. The converse of the Polygon of Forces 
is less complete than that of the Tt'iangie , — 

For, if there are more than three orces, 
we can draw any number of different 
polygons* such as A BCD, A Bed (Fig. 12), 
each having its sides parallel to the direc- 
tions of the forces. The aides of each 
polygon represent n system of forces in 
equilibrium acting in these directions, but 
this is not necessarily the system considered. Hence there are any 
number of such systems aU different. For example, a particle could 
be kept in equilibrium by three forces acting in any three of the 
given directions only. We cannot, therefore, except in the case of 
three forces, determine the ratios of the forces from knowing their 
directions. 

22. Applications of tlie Parallelogram, Triangle, 
and Polygon of Forces. 

(1) The resultant of two equal forces bisects the angle 
between them. 

(2) If any three forces are in equilibrium, any two of the 
forces are together not less than the third. For, in the 
Triangle of Forces, any two sides are together greater 
than the third (Euc. I. 20). 

If two forces are together equal to the third, they will balance if 
the first two forces act in the same straight line and in the opposite 
sense to the third. 

(3) The resultant of two forces P, Q is greatest when 
both act in the same direction, and is then P-f Q, It is 
least when they act in opposite senses in the same straight 
line, and is then either P — Q acting in the direction of P 
or Q — P in the direction of Q. 

[This is obvious from (2).] 

(4) If three equal forces are in equilibrium, the angle 
between any two of them is 120°. For the Triangle of 
Forces is equilateral ; therefore each of its angles is 60°, 
and the angle between the corresponding pair of forces 

= 180°- 60° = 120°. 
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(5) The Perpendicular Triangle of Forces. — If three 
forces proportional to the sides of a triangle act on a 
particle in directions perpendicular to these sides taken 
in order, they shall be in equilibrium. 



For if the triangle ABC be turned through a right 
angle into the position DEF^ its sides, taken in order, 
will be brought parallel to the forces, and will therefore 
represent the forces both in magnitude and direction. 
Therefore they will be in equilibrium. 

[The student may satisfy himself of the legitimacy of this proof by 
cutting out a triangle in paper and placing it in the two positions 
ABCt DBF in succession.] 

(6) The Perpendicular Polygon. — Generally, if any 
number of forces proportional to the sides of a closed 
polygon act on a particle in directions perpendicular to 
these sides taken in order, they shall be in equilibrium. 
For, on turning the polygon through a right angle, it will 
become the Polygon of Forces. 



(7) If two forces he represented hy the 
sides of a triangle both drawn front 
their point of application, their resultant 
is represented hy twice the bisector of the 
hose drawn from that point. 

For let AB, AD represent the forces. 

Complete the parallelogram of forces 
A BCD] then AC represents the resultant. But the diagonals 
of a parallelogram bisect each other. Hence AC bisects 
BD in £, and AC is twice the length of the bisector AE. 


Fig. 14. 
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(8) To find where a particle 
0 must he placed inside a tri- 
angle ABG so that it may he 
in equilibrium under forces to 
the vertices represented by OA, 

OB, OC. 

Let D be the middle point 
of BG. Then, by the last 
proposition, the forces OB, 

OG have a resultant 20D 
along OD. This must be 
equal and opposite to the 
third force OA. Hence 0 must lie on the bisector AD eX 
a point such that OA = 2f)0. 

DA = 3/70 and DO = ^DA, 

23 . Example. — Two forces act along the 
sides AB, AG of a. triangle, and are represented 
in magnitude by A6 and three times AO respec- 
tively. To find where their resultant cuts the 
base, and to determine its magnitude. 

Let the resultant cut the base in 0. Then, 
by the Triangle of Forces, the force AB is 
equivalent to forces AO along AO, OB at A 
parallel to OB. 

Similarly the force ZAC along is equivalent 
to forces ZAO along AO, ZOO at A parallel to OC. 

Therefore the two given forces sire equivalent 
to forces of \A0 along AO, OB and ZOC in opposite directions parallel 
to BC. 

If the resultsmt acts along AO, the two latter forces must balance. 

OA = ZOO, and BC 4:00 ; 

OC^iBC, and BO ^ IBC. 

Also the resultant is the remaining force, viz. 4A0 acting along AO. 

24. Two forces act along two sides of a triangle, 
and their magnitudes are given multiples of these 
sides. To find their resultant. 

Case 1. Let the forces be m.AB acting along AB, and 
n . AG along AG (Fig. 17). 

Let their resultant cut the base BG in 0. 
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Replace each force by two component forces along ^0, 
AE and parallel to BC. 




Then, by the Triangle of Forces, the force m . AB is 
equivalent to forces m . AO along AO, 

m . OB at A parallel to OB. 

Similarly, the force n . AG is equivalent to forces 
n . AO along AO, 
n . OC at A parallel to 00. 

Hence the two forces together are equivalent to 
(m + n) AO along AO, 
n .OC—m. BO at A parallel to BG. 

But, if the resultant acts along AO, the latter component 
must vanish. 

n . OG = w . BO ; 

00 ^ m{BO -\~0G) = m . BG, 

(m + ?i) BO ^ n (50-f OC) n . BG 

B0 = -^BC, OC = -^BG-, 

m-\-n in-\-n 

which determine 0. 

Also, the resultant is the remaining force, (m-f-n) AO 
acting along AO. 

Case 2. Let the forces be m . AB acting along AB, and 
n . GA along GA (in the opposite sense to AG, Fig. 18). 

If m = n, the resultant is a force m . OB parallel to GB 
(§§ 15, 16). 

If not, let the resultant cut GB produced in 0. 

The components of the force m . AB are m . AO and 
m .OB as before, but those of n. G A are represented in 
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magnitude, direction, and sense by n . CO and n . OA, 
respectively. Hence the two forces are now equivalent 
to forces (m — n) AO along AO^ 

m . OB—n . OC at A parallel to BC ; 

. . as before m . OB = n . OC; 

. . (m-n)OB ~n{OG-OB) = u .BC, 

(m — n) OC = m {OC — OB) = m . BC ; 

■. OB = -^BC, OC=-~BC; 

m — n nri — n 

and the resultant is {m — n) AO along AO. 

[This case might be deduced from Case 1 by writing 
— w for w.] 

Example. — ABC is a triangle, and £ the middle 
l)oiTit of BC. To find the resultant of forces at A 
rt'prosented in magnitude, direction, and sense by 
25^, 2i4£, and AC respectively. 

By the Triangle of Forces, the resultant of 
forces 2i?i4, 2^£ is a force 2££ parallel to BC. 

But 2££ = BC ; therefore the three forces are 
equivalent to forces AC acting at A. 

Produce BC to £, so that CF =« BC. 

Then the two last forces are represented by 
C£, AC respectively, and they act at A. 

Therefore the required resultant is represented 
by AF. 

25. To find the magnitude of the resultant of 
two forces T*, Q in directions at right angles to 
one another. 


y 



Fig. 20. 

Let AB, AD represent the two forces P, Q. 
Complete the rectangle A BCD 


B 

/i 



Fig. la. 
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Then represents the resultant force. 

Let >f(7 = U. Then, by Euclid I. 47, 

= ( 1 ); 

resultant force It = >/ 

Example. — To find tho resultant of three forces of 1 lb. arling at a 
point, tho angle between the first and second being 90'", and that 
between the siicond and third being 45°. 

Draw ADi DCt CB^ each of 
unit length, parallel to the 
forces. ITien represents the 
resultant of the two first forces, 
and A£ that of the three. 

Now 

A(P = AD^- + DC- - 1^+12 = 2. 

Also AC is evidently the 
diagonal of tho square ABCD ; 

.-. ZACD^-^ry. 

But, by § 17, Observation, 

I DOE = supplement of angle between forces — 180° — 45'^ =* 136° ; 

>1(?£ = 90°; 

» >|C2 + C?f- » 2 + D =» 3, 1.6'., AB ^ a^3 = 1-732.... 

Therefore tho resultant =* 1*732 lbs., approximately. 

On measuring I BAB witli a protractor, it will be found to be about 
10°. Hence tho resultant makes an angle of about 10° with the 
middle force. 

[As an exercise tlio st.n<lont. .slumld <lraw the diaKrani on .1 lar^;c scale, and by 
actual measurement verify that AE is approximately 1*782 times AB.] 

26. Application to velocities and accelerations. — 

Since forces on a particle are compounded by the same 
law as component velocities and accelerations, it follows 
that all the properties proved, both in this and the next 
chapter, hold equally good for component and resultant 
velocities or accelerations as well as for forces. 

Summary op Results. 

A straight line can represent a force (i.) in point of 
application, (ii.) in direction and sense, (iii.) in magni- 
tude. (§ 9.) 

The Parallelogram of Forces. — If two forces acting on 
the same particle be represented by two adjacent sides of 
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a parfillelogram drawn from their point of application, 
their resultant shall be represented by the diagonal of 
the parallelogram drawn from that point. (§ 12.) 

The Triangle and Tolygon of Forces. — If three or more 
forces acting on the same jjarticle can be represented in 
magnitude and direction (but not in position) by the 
sides of a triangle or closed polygon taken in order, they 
shall be in equilibrium. (§§ 16, 18.) 

Converse of “ Triangle.*^ — If three forces (P, Q, P) acting 
on a particle balance, any triangle {ABC), whose sides are 
parallel to the forces, shall have these sides proportional 
to their magnitudes (§ 17), or 

Q ^ ^ 

BG CA AB' 

Converse of “ Polygon.^* — If more than three forces 
balance, a polygon can he drawn whose sides represent 
them in magnitude and direction. (§§ 20, 21.) 

Resultant of forces m.AB and n.AG along AB^AC is 
force (m-fw) AO along AO, whore m . BO = n . 00. (§24.) 

Resultant of two perpendicular forces P, Q is B, where 
P2 = P^+Q* (1). (§25.) 

EXAMPLES I. 

1. Draw a diagram, as well as you can to scale, showing the 
resultant of two forces, equal to the weights of 6 and 12 lha., acting 
on a particle, with an angle of 60° between them ; and, by measuring 
the resultant, find its numerical value. 

2. The greatest resultant which three given forces acting at a point 
can have is 30 lbs., and the least is 2 lbs. What is the magnitude of 
the greatest force ? 

3. The greatest resultant which three given forces acting at a point 
can have is 30 lbs., and the least is 0. Find the limits between 
which the greatest force must lie. 

4. ABC is a triangle. Find the resultant of forces at A represented 
in magnitude and direction and sense by 

(i.) ZAB and oAC ; (iii.) BA and ZAC ; (v.) AAB, bAC, 6BC ; 

(ii.) 2BA and ZCA ; (iv.) ^AB and 6CA ; (vi.) ZAB, 4C>4, bCB. 
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6. A body is i>ullod north, south, cast, and west by four strings 
whoso directions meet in a i^oint, and the forces of tension in the 
strings are equal to 10, 15, 20, and 32 lbs. weight respectively. 
What is the magnitude of the resultant ? 

6. Forces 1\ 3Pact at a point in directions parallel to the sides 
of an equilateral triangle taken in order. Find their resultant. 

7. Show' how to find, graphically or otherwise;, the resultant of a 
number of forces ac ting on a rigid body at one point, and apply your 
method to find thc^ resultant of forces 1 in an easterly direction, a/2 
in a north-easterly direction, and 1 to the north. 

8. What angle; must tw'o forces of 5 and 12 lbs. include if they are 
balanced hy a force of 13 lbs. ‘r 

9. Show’ that the resultant of two perpendicular forces P-f Q and 
1*-Q is equal in magnitude to the resultant of tw'o porpondicular 
forces v' 2 7' and a/2(^, 

10. The sides BCt CA^ AB of a triangle are bisected in £, F, 
respectively. Find the resultant of forces represented by DAy EB, EC. 

11. ABC is any triangle. At A are applied forces h\BCy LCA^ m.AB, 
parallel to BC and along CA^ AB, respectively. Show' that their 
resultant is the resultant of forces [k-^l)AC along AC, and {in — k)AB 
along AB, and hence find w'here it cuts the base BC. 

12. ABDC is a parallelogram; E is a point in AC. Find a point F 
in BD such that the resultant of forces reprosontod by AE and AF 
may act in the direction AD. 

13. If A, B, C are any three points in a straight lino, 0 any point 
not in that straight line ; if a force represented in magnitude and 
direction by OA act from 0 to A; if a force represented in magnitude 
and direction by BO act from B to 0, and a force represented in 
magnitude and direction by CO act from C to 0 ; then show that the 
resultant of these three forces cuts the straight lino ABC in a point D 
such that AB ^ CD. 

14. Forces F, Q,'w'hose resultant is i?, act at a point 0, and a line 
is drawm meeting their directions in 4 , M, N show that 

FjOL + QjOM « RjON. 



CHAPTER II. 


RECTANGULAR RESOLUTION OF FORCES. 

27. Resolution of Forces. — The Parallelogram of 
Forces tells us that any two forces acting on a particle 
are equivalent to a single resultant force repi’esented by the 
diagonal of the parallelogi*am whose sides represent the 
forces themselves. Conversely, if a single force be repre- 
sented by a straight line, and we draw any parallelo- 
gram having this line for a diagonal, the given force may 
be replaced by two forces represented by the sides of the 
parallelogram. 

In like manner, the Polygon of Forces (or rather the construction 
of ^19) tells us that a force represented hy one side of a polygon may 
he replaced by a number of forces having the same point of applica- 
tion, and represented in magnitude and direction by the remaining 
sides of the polygon taken the other way round. 

Definitions. — The process of replacing a single force 
by two or more forces having that force for their resultant 
is known as the resolution of forces, and is the reverse 
process to the compoHtion of forces. 

The several forces are called the oomponents of the 
given force. 

Thus we speak of resolving a force into components^ and 
of compounding two or more forces into a single resultant. 

To resolve a force into components in two given directions ABt AD, it is 
only necessary to draw the straight line AC representing the given 
force, and to draw CD, CB through C parallel to BA, DA, respectively. 
Then, by the Parallelogram of Forces, AB, AD will represent the 
required components. 
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28. A force JP ia inclined at an angle ^ to a 
given line. To resolve 1* into components along 
and perpendicular to that line. 

Let AG represent the given force P, and AB be the 
given line, so that BAG A. 

Draw AD perpendicular to 
AB, and complete the paral- 
lelogram ABGD. Then AB, 

AD represent the two required 
components. LetX, T'denote 
these components respect- 
ively. 

Since BG is perpendicular 
to AB, therefore, by definition (Trig., § 4), 

cos BAG = and sin BAG = . 

AG AG 

AB = BG ooH BAG AG COB A 
and AD AG sinBAG = AG s\n A, 

X ^ V cos A and = P sin A (1). 


Y 



Fig. 22. 


Cor. The student will have no difficulty in verifying 
the following important results : — 


Whore the angle A ~ 

30® 

45- 

60® 

(X = 

The component -{ 

VS p 


2 

If = 




Example. — (1) A force of 10 lbs. makes an angle of 135'^ with a 
given lino. To resolve it into components along and perpendicular to 
that line. 


Let XAC ** 135®, and lot AC represent 
10 lbs. 

Produce XA to B, and complete the rect- 
angle A BCD. 

Then AB, AD represent the required com- 
ponents. 

Now Z BAC ^ 180®- 36® = 45®. 



Fig. 23. 


7 


* These results shouM either be remembered, or the student should be able ta 

obtain tliern instantly. 
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Hence the components along AB and are 

AB = AO^k = 10xi^2 =» lbs., 

AD = AC's/k = 10 X « 6 a/ 2 lbs. 

But the force 5 a/ 2 lbs. along AB acts in the opposite direction to 
that in which AX drawn j hence this force is to be regarded as a 
minus q%Mntity. 

Therefore the required components are 

— 5 \/2 lbs. along AX^ + 5 a/ 2 lbs. perpendicular to AX. 

Alternative Method. — Or, by the formula (1) and Trig. § 18, we 
have at once 

X = lOcoBlU^ = lOx -^a/ 2 = -5^/2 lbs., 

y = 10 sin 130° = 10 X ^a/ 2 = + o a/ 2 lbs. 

(2) Three forces of 5 lbs., G lbs., and 4 lbs. are inclined to one 
another at angles of 120°. To replace thorn by two forces acting 
along and perpendicular to the force of b lbs., and to find the 
resultant of the three. 

Let OP, OQ, OR represent the throe 
forces. Produce PO to B, and draw DOE 
perpendicular to OP. 

Then BOQ = BOR = 60°. 

Therefore the force 6 lbs. along OQ is 
equivalent to B 

6 X i lbs. along OB 
and 6 X J a/3 lbs. along OD, 
or to —3 lbs. along OP 

and 3 a/ 3 lbs. along OD. 

Similarly, the force 4 lbs. along OR is equivalent to 

4 X J lbs. along OB and 4 x Ja/ 3 lbs. along OE, 
or to —2 lbs. along OP and —2 a/ 3 lbs. along OD, 

We also have the force 6 lbs. along OP. 

Therefore the throe forces are equivalent to 

5 — 3 — 2 lbs. along OP and 3 a/3— 2 a/3 lbs. along OD, 
i.e., zero along OP and a/3 lbs. along 00. 

Therefore the required resultant acts along OD, and its magnitude 
=» a/3 lbs. = 1’732 lbs. nearly. 



Fig. 24. 
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29. Definition. — The resolved part or resolute of 
a force along a given straight line is the component of 
the force along that line wheiL the other com'ponent is 
perpendicular to that line. 

Thus, let AB be the given straight line, and let the 
given force P be represented by AC. Drop CM perpen- 
dicular on AB. 

Then AM, MC represent the components of P along and 
perpendicular to AB. 

Therefore AM rt^presents the resolved part of P alomj AB. 



If a force is resolved into two components in directions which are 
not at riijht anglu, those components are nut the resolv(‘d jjarts of the 
force in these directions. 

For if any parallelogram ABCD be drawn> having AC as diagonal, 
AB, AD represent component forces, having P for their resultant, but 
AB does not represent the resolvod part of F along AM. 

Since AM — AC cos MAC, 

resolved part of i* along AJt = . cos bai , 

or the i i^ulrcd part of a force in a giirn flinrtiou /.*. iqual to fJ/t product 
of the fore* 'mto tht c<muc of the a ugh ichuh it makcK with the givcu 
direct iou. 

For th(' angles 30*^, 4o''\ 60® the resolved parts are therefore ^ P, 
^ v'2 1\ \r, respectively (§ 28, Cor.). 

If the angle is obtuse, the resolved part is considered negative, as 
in § 28, Exs. 1, 2. 

Example 2 of § 28 shows that the resultant of any number of forces 
may sometimes best be found by first resolving each force into two 
components at right angles. We shall now consider this method 
generally. 
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30. To find the resultaxit of any number of forces 
aotmg on a particle in one plane. 

Let Pj, Pj ... denote several forces acting at 

Take any direction in the plane of the forces, and 
draw perpendicular to ^X. Resolve each force into 
two components in the directions (§ 28, Fig. 22). 

Let the components of P^ be A'j, Y,, respectively, 

P V V 

fi fi -*2 >» *^^2’ ^ J» 

and so on ; these components being taken with the sign 
+ or according to the direction in which they act. 

Thus the system of forces is equivalent to forces A’,, Xj, 
X:i ... along Ox, and Yj, Y.,, Y^ ... along OY. 

Now these forces may he compounded in any order (§ 19). 

Let us first compound together all the forces acting 
along OX. Then, if X denote their resultant, we have 
X = Xj -j- Xj + Xjj -h .... 

Let us next compound together all the forces acting 
along OY. Then, if Y denote their resultant, we have 
Y= Y,4-Y,+ Y,h.... 

The whole system of forces is therefore reduced lo two 
known forces — X along OX, and Y along OY. Hence, if 
li denote the final resultant of all the forces, wo have, 
by § 25, 

^ ...y ...(2). 

OasEKVATioN. — The line OX may he drawn in any convenient 
direction, but it is always advisabh? (and in fact necessary in all 
elementary problems) to draw this line in such a direction that the 
^ven forces make angles of GO , or 90' with it or with 

its direction produced backwards through 0. It is best, when 
possible, to take OX in the direction of one of the component forces. 

Example. — (1) To find the resultant of two forces of 1 lb. and 3 lbs. 
inclined at an angle SO'". 

Resolve the second force into components along and perpendicular 
to the first. These components are 3 x ^ and 3 x ^ lbs. respectively. 

Hence the two forces are together equivalent to forces 1 4 |a/ 3 lbs. 
and I lbs. acting along and perpendicular to the first force. 

Let their residtant be JR. Then, by § 25, 

= (1 + |V3)-4-(§)2 = l4-3^/34-V-+;- = 10 + 3v/3; 

R ^ -v/(10 + 3v'3) = v/(10 + 3 X 1-732) = a/1.5*19G ; 
the resultant = 3-898 lbs. nearly. 
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31. To find the magnitude of the resultant of 
two forces inclined to one another at any angle. — 

We shall now show that 

Square of resultant of two forces = sum of squares of 
components twice product of one force into resolved part 
of the other force along its line of action. 

Lot ABi AD represent the components P, Q. 

Complete the parallelogram A BCD. Then AC represents 
the resultant It. 

Drop DN perpendicular on AB. 

Then BM = AN = -X, the resolved part of Q along AB. 



By Euc. II. 12, AC^ = AB^^BC^^2AB , BM. 

Th crefore 11^ = -h (>* + 2 PX (3) . 

If IBAD is obtuse, A: is negative, and /.ABC is acute, and the 
same thing follows from Euc. II. 13. 

Cor. 1. By § 28 we have X — cos (.'^ngle between P and (2), 
which for brevity wo shall write = Q cos {I\ Q). 

Therefore the above relation may be written 

Ji" = z*2+i2‘H-2j*'(2oos (i% (?) (3a). 

Observe that the same fbrmnlm are also applicable to veloci- 
ties and aooelerations. 


Cor. 2. 


If the Z between 
the forces is ^ 

0" 

i 

30'^ 

45° 

then Jt‘ — 








2PQ times 


a/3 

"^'2' 



60° 

90° 

120° 

135° 

150° 

180° 


a/0 

2 

_ a/I 
2 


CO . 

1 

1 
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We can now write down these resnlts in a form which 
can be easily remembered : — * 


For 0^, 


= 

p2 

-h 

G* 


✓4.-PG 

30^ 


= 

pi 



-H 

✓3 . FQ 

45^ 


= 

pi 




./a.FQ 

o 

O 


= 

p2 

-f 



VI fq 

90°, 

E^ 

= 

pi 

+ 


-f 

VO . FQ 

120°, 

E 

= 

pi 

+ 

Q- 

— 

VI. fq 

135°, 

E 

= 

pi 

+ 

q- 

— 

Va . FQ 

150°, 

E^ 

= 

pi 

+ 

q‘ 

— 

Va . FQ 

180°, 

E 

= 

pi 


Q‘ 


V4: . FQ. 


Examples. — (1) To find the resultant of forces of 7 lbs. and 11 lbs. 
inclined at an angle of CO®. 

The resolved part of the second force in the direction of the first 
= 11 cos 60® = 6J lbs. 

Therefore, if the resultant contains i? lbs., 

ijs = 72+11-' + 2 .7.6^ 

= 49 + 121 + 77 = 247, 

whence M — v'247 = 15*716 lbs. wt. [cf. § 14, Ex.). 

(2) To find the resultant when the same forces include an angle 
of 120°. 

If the direction of the 7 lb. force is produced backwards, the 11 lb. 
force will be found to make an angle GO® with it. Hence tho resolved 
part of tho latter force is 6^ lbs. in the reverse direction to the 
7 lb. force. It must therefore be considered negative and called 
-5^ lbs. 

Hence It- = 7^+ 112+2. 7 . (-6^) 

« 49 + 121-77 = 93, 

whence R — a/ 93 = 9*643 lbs. w’^t. 


♦ These results may be committed to memory, but we recommend the student 
to deduce them from the fonnula See appendix on Trigonometry. 
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32. To find the resultant of two forces P, Q, when the angle between 
their directions is any multiple of 1 5°. 

In § 31, Cor. 2, the expressions for the resultant are given for all 
angles that are multiples of 15°, with the exception of 15°, 76°, 
105°, 166°. 

If the angle between the forces has any one of these four values, 
w(; must draw two perpendicular lines OX^ OY inclined at angles of 
46° to the direction of one of the forces, say I\ Then it will he seen 
from Figs. 27-30 that the other force Q makes angles of 30° and 60° 
with the lines OX, OY, or these lines produced. Hence the forces 
P, Q can be replaced by their components along OX, OY, as in § 28, 
Cor. 1, and their resultant may bo found as in ^ 30. 



Fig. 29. 

Angle between forces = 106°. 


Fig. 30. 

Angle between forces = 166°. 
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Example * — To find the resultant of two forces of 4 lbs. and 2 lbs. 
inclined at an angle of 166®. 

Let OPj OQ (Fig. 30) represent the directions of the forces of 2 lbs. 
and 4 lbs. 

Draw XOx making an angle 45® with OP, and draw YOy perpen- 
dicular to XOx. 

Then i xOQ « POQ-POY-^YOx = 165 -45® -90® = 30 , 

Z QOy « GO®. 

Therefore the components of the force of 4 lbs. acting along OP are 
4 X \/\ or 2 \^2 lbs. along OXy 
4 X or 2 lbs. along 0 Y ; 
and the components of the force of 2 lbs. acting along OQ are 
2 X J or lbs. along Oxy 
2 X I or 1 lb. along Oy. 

Therefore the given forces are equivalent to forces X, along 
OXy 0 Yy where X = 2 >/2 — a/3, 

2a/2-1. 

Therefore, if It be the required resultant, 

R‘ = X3+r2=: (2 a/2- a/3)3 + (2a/2-1)- 
= 8-4 a/6 + 3 + 8-4 a/2 + I 
= 20-4 (a/6+ V2) » 4(6- a/6- a/2) ; 
ie == 2 a/ (5 - v/6 - a/ 2) lbs. 

= 2*13 lbs. approximately (by calculation). 

33. Conditions of equilibrium. — In order that a 
system of forces acting on a particle in one plane should 
be in equilibrium, it is necessary and sufficient that the 
sums of the resolved parts of the forces along two straight 
lines at right angles should be separately zero. 

Let OXy OY he two straight lines at right angles. Then, 
by § 30, we may replace the given forces by two forces 
X, Yy acting along OXy OY, such that 

X = Xi -f Xj -h . . . = sum of resolved parts of forces along 0^, 
Y= Yi + Yj-f ... = „ „ „ I, 0Y\ 

and the resultant B is given by 

E* = X*+ Y\ 


* For examples ot the other three cases, see fVoi'ked Exampl&s in Meckaniesy 

pages 83, 34. 
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Now two forces cannot be in equilibrium unless they 
act in the same straight line. Hence, for equilibrium, 
we must have 

0 = X = sum of resolved parts along OX^ 

0= r= „ „ „ „ OY. 

Conversely, if these two conditions are satisfied, = 0, 
and the forces are in equilibrium. 

Observations. — If X were zero and Y were not zero, the forces 
would have a resultant Y perpendicular to OX, 

The proposition shows that, if the forces nn* in equilibrjuin, the sum of the 
resolvetl j^irts along eiHiry straight Inn* is zrro. lint this Avill -ntas^tarily be the 
case if tho sums oftheirresolviMl parts along ^M'operjsindieular straight lines is zero. 

Tl»e same thing is true if the two straight lines are not perpendicular. For, 

the forces were not in (jquilibrmin, tlicir resultant w’oukl have to be i»erpemlicular 
to both lirn‘S, wliich is impossible. 

Example . — To nhow that three forces of \/2 lbs., 2 lbs., and 
(v'3— 1) lbs. acting on a particle arc in equilibrium if the second and 
third include an angle of 150“, and the third and first an angle of 45°. 

Let OP, OQ, OR bo the lin(‘8 of action of the forces. 



Fig. 31. 


Take any point X on OR* Produce XO to x, and draw YOy 
perpendicular to it. 

Then the components of the force of lbs. along OP are 
1 lb. along OX and 1 lb. along OY. 

The components of the force of 2 lbs. along OQ are 
VZ lbs. along Ox and 1 lb. along Oy ; 
and we have also a force of V'6 1 lbs. along OX ; 

the three forces are equivalent to forces of 

1— -v/3+a/3— 1 lbs. along OX, 1 — 1 lbs. along 0 Y. 

But these are each zero. 

Therefore the forces are in equilibrium. 
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*34. Lami’s Theorem. — If three forces keep a particle 
in equilibrium, each force is proportional to the sine of the 
angle between the other tivo. 

Let the forces P, Q, P act along OP^ OQ^ OR, If 
they are in equilibrium, we have, by § 82, 

sum of resolved parts perpendicular to OR = 0. 

But P has no resolved part perpendicular to OR, 

Therefore resolved parts of P, Q perpendicular to OR 
are equal and opposite. 



►P 


Fig. 32. 

P Bin ROP QsinQOR. 

P ^ sin QOR 
(2 sin ROP 

Similarly, by resolving perpendicular to OP, we have 

Q sin ROP 
P sin POQ 

. P Q R* , 

sin eOP“ sin POP sin PO0 ^ 

as was to be proved. 

[This relation can also be deduced from the Trian;ile of Forces, by means of 
a well-known theorem in Tri^jonometry wiiich asserts that in any triangle 
each side is proportional to the sine of the angle between the other two.] 
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35. To find the direction of the resultant of two 
given forces X, V acting at right angles. 

If the forces X, Y are represented by AB^ AD^ their 
resultant is represented by AC, tlie diagonal of the paral- 



lelogram A BCD. Also, since A'', Y are at right angles, 
the angle ABC is right. 

Hence, by the definition of the tangent (Trig. 4), 

= = X (5). 

This determines the tangent of the angle BAC, and 
from it the angle itself may be found. 

If tan BAC is 1, or wu know that the corresponding;; 

values of the angle BAC are 30°, 45°, and 00° respectively. 

The magnitude of the resultant is It where 

= (§26). 

Hence the resultant is completely determined both in magnitude 
and direction. 


Example . — Two forces of v'S lbs. and 1 lb. include an angle of 
150°. To find the direction and magnitude of their resultant. 

Replace the forces by two forces X, Y acting along and perpen- 
dicular to the direction of the force of lbs. Then, as in § 28, 

X =a ^3— I X '2 v'3 = y v/3 lbs., 

r = 4 lb. ; 


X 

X 


^3 


tan 30° ; 


the resultant makes an angle 30° with the force of v'3 lbs. 
Also i?- « A 2 + ri ^ j + 1 « 1 . 

resultant i? ** 1 lb. 
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36. Work. — Definition. — If a particle 
be moved from A to C under the action 
of a constant force P acting parallel to 
AB, and if CB be drawn perpendicular to 
AB, then the product 

P X (distance AB) 



Fig. 34. 


is called the work done by the force on the particle in 
changing its position. {Dynamics^ § 199.) 

The distance moved is called the displacement of the 
particle, and AB is called tho projectinn of this displace- 
ment on the direction of the force. 


Observation. — This definition holds good whether the displacement 
AC is large or small, provided that the force P remains constant while 
the particle is moving from A to C. 


37. The work done by a force is the product of 
the displacement of its point of application into 
the resolved part of the force in the direction of 
that displacement. 

Let AP represent any force P, and let the particle on 
which it acts be moved from A to C. Drop PAf, CB pcr- 


A 

Fig. 35. 

pendicular on AC, AP. Then AM represents the resolved 
part of P along AC. Since the angles ACP and AMP are 
right, a circle whose diameter is CP will pass through 
B, C, M, P, and therefore, by Euc. III. 36, Cor., 
AP.AB^AC.AM-, 

that is, P X AB AC ^ (resolved part of P along 

AC), 

or, work done by force P = displacement X resolved part 

of P along direction of dis- 
placement, 
p 



STAT. 
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88. Principle of work for a single particle. — 

When a particle is moved from one position to a^wther under 
the action of any number of forces, the algebraic sum. of the 
works done by the several forces is equal to the work done by 
the resultant. 

For if the particle move from A to C, then algebraic 
Bum of works done by the several forces 

= X algebraic sum of resolved parts of the several 
forces along AC 

AC X resolved part of resultant along AC (§ 30) 

= work of resultant. 

39. From this we get the following important corol- 
lary : — 

Cor. If a particle, acted on by any number of forces in 
equilibrium, is moved from one position to another, the al- 
gebraic sum of the works done by the several forces is zero. 

For, in this case, the algebraic sum of the resolved 
parts of the forces along AC is zero, whence the result 
follows at once. 

Summary op Results. 

Components of P along and perpendicular to line inclined 
at angle ^ are X = P cos .4, Y = P sin .4 ... (1), (§28.) 
and X is called the resolved part of P along the line. (§29.) 

For 4 = 30^ X = ty3.P, Y = ^P. 

For 4 = 60^ Y = J ye . P, X = \P. 

For 4 = 45^ X = Y = . P 

If R is resultant of forces whose rectangular com- 
ponents are Xu r.: z., Y„ &c., 

P»=(X, + X,+ ...)*+(r,-hY,^...)* ... (2). (§30.) 

For equilibrium both 

X, + X,+ ... =0 and Y,4- Y,+ ... =0. (§33.) 

Magnitude of the resultant of any two forces P, Q is 
given by = P*-bO*-f2PX (3), (§ 31.) 

= P® + Q*-h2PQ cos (P, Q), 
where X = resolved part of Q along P, 

and (P, Q) = angle between forces P, Q. 
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If three forces P, Q, B balance. 

== F ^ 4 ') {% *54 

sin (Q, B) sin (B, F) sin (P, ^ ' 

Direction of resultant of perpendicular foixes X, 1" makes 
with X an angle whose tangent = T/X (5). (§ 35.) 

Work done by J' in displacement AC 

= Px (projection oi AC on P) (§ 36.) 

AC X resolved part of P along AC. (§ 37.) 

Principle of TForA*. — Algebraic sum of works of com- 
ponents = work of resultant. (§ 38.) 

EXAMPLES II. 

1. Resolve the following forces into components, along and perpen- 
dicular to the straight lines to which they are inclin edattho given angles: 

(i.) 4 lbs., 30°; (iv.) 3 tons, 90°; (vii.) 8 cwt., loO®; 

(ii.) 8>/2 oz., 45° ; (v.) 12 grammes, 120°; (viii.) 4 mgi*., 180°; 

(iii.) 10 kilog., 60° ; (vi.) 5 lbs., 136°; (ix.) 6 stone, 0°. 

2. A force equal to 20 Ihs. weight, acting vertically upwards is vv~ 
solved into two forces, one of which is horizontal and equal fo 10 lbs. 
weight. What is the magnitude and direction of the other component P 

3. A force of v'S lbs. bisects the angle betw(*en two straight lines 
which include an angle of 60°. Find (i.) the components, (ii.) the 
resolved parts, of th(' force along these lines. 

4. Find the magnitudes of the resultants of the following pairs of 
forces inclined at the given angles, namely — 

(i.) 3 and 4 lbs,, 0° ; (vi.) 2 and 4 lbs., 60' , 

(ii.) 10 and 24 grammes, 90°, (vii.) 5 and 10 lbs.. 120°, 

(iii.) 6 and 6 tons, 180°; (viii.) 4 and 12 mgr. 30 , 

(iv.) 1 and 3 a'' 2 kilog.,’45°; (ix.) 4 and 6 oz., lOO*. 

(v.) 4>/2 and 1 cwt., 136° , 

6. Two forces of 4 lbs. and 10 lbs. respectively act at a i)oint and 
are inclined to each other at an angle of 60°. AVIiat is the magnitude 
of their resu Itant ? 

6. Indicate two forces, at right angles to each other, which could 
maintain equilibrium with the above (sec Ex. 6). 

7. Show how to find the resultant of two forces represented by the 
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diagonal of a square and one of the sides meeting the diagonal, hoth 
acting from the point where they meet. Prove that its magnitude 
>= a/ 6 X a side. 

8. A force of 10 Ihs., acting northwards, is resolved into three 
components, of which one is 6 Ihs. north-eastwards, and another 
2 lbs. westwards. Find the third component. 

9. A straight line COB has a line OA at right angles to it, and 
forces each of 7 lbs. act, one along OAy another along 05, and a third 
along the bisector of the angle CO A. Find the magnitude of the 
resultant. 

10. What is the resultant of three forces, 3, 4, and 5 lbs., acting 
at a point along lines making angles of 120° with each (jther ‘r 

11. If two forces Pand act upon a particle (i.) when the angle 

between their directions is 60°, (ii.) when it is 120°, and if H and 5 
are the resultants in these two cases, prove, geometrically if possibles 
that = 2(7*=+//). 

12. 7i?, 7i" arc' the smallest and greatest forc<.‘S which, along with P 
and Qi can keep a particle at rest. Show that, if 7*, Qy \/ 2{J{' keep 
a particle at rest, two of the forces are perpendicular to each other, 

13. Two forces, of magnitudes 1 and 3, have a certain resultant when 
their directions contain a certain angle ; the square of the resultant 
is doubled if the direction of one of the forces is reversed. Find the 
resolved part of the former force along the direction of the latter. 

14. Find the cosine of the angle between the direc tions of forces 
of 6 and 7 units, which have a resultant of 8 units. Show that the 
angle itself exceeds 90°. 

16. A force of 10 a/2 lbs. is inclined at angles 7 ’)° and 15° to two 
perpendicular straight lines. Find the resolved parte of the force 
along these lines by first replacing it by its components along the 
internal and external bisectors of the angles between them. 

16. Calculate, to two places of decimals, the resultants of 5 a/ 2 and 
10 lbs. when the angle bet'ween them is 15° and when it is 105°; 
also the resultants of 2 a/2 and 3 lbs. at an inclination of 75° and 
also of 165°. 

17. If 72 be the resultant of forces 7* + A and Y acting at right 
angles, write down the ('xpression for 72=; and if-Y, Y are the resolved 
parts of a force Q along and perpendicular to the direction of P, 
deduce the formula P= = P= + Qr + 2PX. 
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EXAMINATION PAPER I. 

1 . What is meant hy the reaulfnnf of two forces, and how can it he 
determined ? 

2. State the proposition known as the Parallelogram of Forces,’^ 
and describe an apparatus for verifying it experimentally. 

3. Assuming the truth of the ** Parallelogram of Forces,** enun- 
ciate and prove the proposition knowm as the “ Triangle of Forces.’* 

4. Forces of 2, 3, and 4 lbs. act at a point 0 in directions paralh l 
to the sides AB^ AC^ BC of an equilateral triangle, respectively. 
Find their resultant. 

6. State the proposition known as the ** Polygon of Forces.’* How 
far is the converse true h 

6. If P be a point in a straight line AB such that w? .AP — rt .PB^ 
and if 0 bo any other point, prove that tw’O forces represented by 
m . OA and n . OB have a resultant represented by {m + «) . OP. 

7. Show that a force may be resolved into two components in any 
number of different ways, and explain what io meant by the naolrpd 
part of a force in any given direction. 

8. ABDC is a parallelogram; £ is a point in CD. Find, when 
possible, a point F in AB such that the magnitude of the resultant of 
two forces represented by AE, AF may be represented in magnitude 
by AD. 

9. State and prove the formula giving the magnitude of the 
resultant of any two forces in terms of the components and the 
resolved part of one component along the line of action of the other. 

10. Throe forces act at a point and keep equilibrium ; find their 
ratios, having given the angles between them. 



CHAPTER III. 


THE INCLINED PLANE. 
PARTIOQLAR CASES OF EQUILIBRIUM. 


40 . Equilibrium on a smooth inclined plane. — 

The conditions of equilibrium of a weight resting on an 
inclined plane may be found very readily by means of 
either the Triangle of Forces or the Principle of Work, 



'when the weight is either pushed against the plane by 
a horizontal force, or is supported by a force acting along 
the plane. 

The force employed to support or raise the weight is sometimes 
CEilled the effort or poicer (.see ^ 83). 

In diagrams it is usual to represent an inclined plane by its section 
ABC, and not in perspective as in Fig. 36. 
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41. Equilibrium on an inclined plane under a 
supporting force applied hwizontally. 

Let a body of weight W be supported at any point 0 
on the plane ABC by a horizontal force P. 

It is required to find P, the dimensions of the section 
ABC being supposed given. 

The three forces which keep the body in equilibrium 
are : 

(i.) The weight W acting vertically downwards, and 
therefore perpendicular to AB. 

(ii.) The applied force P acting horizontally, and there- 
fore perpendicular to BC. 

(iii.) The reaction of the plane, acting perpendicular to 
CA. Let this reaction be denoted by 11. 


D 



Therefore the three forces W, P, It act perpendicular 
to the sides AB, BC, CA taken in order. 

Turn the inclined plane round, through a right angle, 
into the position DEF, so that its base DE is now vertical 
and its height EF horizontal (Fig. 38). Then the forces 
Wf P, E are parallel to Df , EF, FD. 

Let the length DE be taken to represent the weight W 
in magnitude as well as in direction. 
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Then, by the Triangle of Fortes, the three sides of the 
triangle DEF represent the three acting forces TT, P, R 
both in direction and in magnitude. 


Therefore 


P _ P 

EF^ DE^ FD^ 


D 



Also the triangles DEF^ ABC are equal in 

all respects ; 

therefore 

r w B 
~BC~ AB~CA' 


Therefore 

p _ y X ■ 

DE AB' 


or 

j> _ of plane 

base of plane 

(1). 

Also 

p _■ jfT y ^ QA . 

DE AB’ 


or 

jf _ length of plane 

base of plane 

(a). 


Since action and reaction are equal and opposite (by 
Newton’s Third Law), the weight presses against the 
plane with a force equal and opposite to the reaction of 
the plane, and the magnitude of this force of pressure is 
therefore R and is given by (2). 
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42. AlttmatiTe method. — The exprcseiou for the supporting 
force T also follows vet'p simply from the Principle of jrorh. 

Let the force P, acting horizontally, push the weight up the piano 
from >1 to C with uniform velocity.* Then the horizontal and vertical 
distances traversed by the weight are AB^ BC respectively ; hence the 
works done by Pand against JF are Px AB and IFx BC. Therefore, 
equating these, we have, by the Principle of Work, 

Px>|fl - JFxBC; 

p= jrx (i), 

AB base 

as before. 

[It would bo less easy to determine the reaction P by moans of the 
Principle of Work.] 


tion BACi we have 


tan A = • 


43. Trigonometrical Expression . — If A denote the angle of inclina- 

BC. 

AB' 

P= irtAuA (L/). 

[Tills relation may also be found by equating the resolved parts of P and W 
along the plane. For /’ makes an angle A with the plane, while H' makes an 
angle A with a line iterpeiidirnlnr to the plane. Hcnee we, obtain 
7* cos A = Ifsin A ; 

/> = = n'tan A. [Trig. § 14.1 

cos A 

III like manner, by re.sohing vertically, we .should h.ave 
R cos A = IP, 


a result in accordance with (2)]. 




CoK. The following results should he verified by the 
student as an exercise : — 

If the inclination of the plane is 

0^ 30°, 45°, 60°, 

the horizontal force required to support W is 

0, w, y3Tr, 

and the force of pressure on the plane is 

TF, y^TF, y2TF, 2 IF. 


* If the velocity were not uniform, the forces IP, P, R would not be in 
equilibrium, and, moreover, wo should have to take account of the work ilone 
in producing kinetic energy 
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Example . — To find the horizontal force which will support a weight 
of half a ton on an incline of 30°. 

Here Z BAC - 30°, 

BO - ABtaxi 30° * >45 x ^ ^/3 ; 

also IT « 4 ton —10 cwt.. and the applied force P acts horizontally ; 

P« =-i^^/3cwt., 

or required force — 6 ‘7735 ... cwt. 

* 6 cwt. 3qrs. 2flbs. wt. nearly. 

44. Equilibritun on an inclined plane, the sup- 
porting force acting along the plane. 

Let a given weight W rest on a smooth inclined plane 
of given section ABC, and let it be kept from sliding down 
by a force P acting up the plane. 

0 
E 

. \ 

A 


w 

Fig. 3<J. Fig. 10. 

It is required to find the magnitude of 1\ 

Let E be the reaction of the plane. 

Then the forces acting on the weight are 
P, acting in the direction AG ; 

W, acting vertically downwards ; 

E, acting perpendicular to the plane (since the 
plane is smooth). 

Produce the vertical CB to D, and make CD CA. 
Also draw DE perpendicular on the plane. Then the 
triangles ABC, DEC are equal in all respects, and therefore 

BC^EC, AB:=^DE. 
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Now, the forces P, TT, B are parallel to the sides EC^ 
Df DE of the triangle DEC. Therefore, by the Triangle of 


Forces, 

p 

w 

B 

EC 

Ob 

DE' 

whence 

P 

w 

B 

BC 

CA 

AB 


Therefore P =s ir x ^ 


and 


H 


frx 

ffx 


height of plane 
length of plane 

AS 

Ua 


base of plane 
length of plane 


( 3 ). 


(4). 


45. Alternaxive method. — The expression for P also follows very 
simply from the Principle of Work. 

Let the force P applied along an inclined piano pull the weight W 
from the bottom to the top of the plane with uniform velocity. I'hen 
i* moves its point of application along the length ACy and the weight 
W is raised against gravity through the vertical height BC of the 
plane. Equating the two amounts of work, wo have 

P X length of plane = Wx height of plane, 

i> w rr X (3). 

length of i>iane 

HxampU . — A road rises 440 feet in a mile. To tind the pull that a 
horse must exert on a cart weighing 6 cwt. to draw it up the road. 

Let the force be F cw’t. Then work done by F in moving its point 
of application through 1 mile =* work required to lift cwt. through 
440 feet ; . ■ . F x 5280 = 440 x G ; 

P = = -i = 1 cwt. = 56 lbs. wt 

5280 12 ^ 


46. Trigonmnetrieal Expressions . — Taking L BAQ = 


55 

AC' 


COB A — 


55 . 

AC' 


Ay 


we have 


sin A 
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therefore P = TFsin A (3a)^ 

R = U^cobA... (4rt). 


[These expressioriH may also be fountl by resolving along the plane and 
perpendicular to it, for the resolved imrts of perpendicular and along the 
plane arc ircos A and irsin A, and these arc equal respectively to P and a.] 

Cor. The following results should he verified by the student 
as an exercise : — 

If the inclination of the plane is 

0, 30°, 45°, 60°, 90°, 

the force up the plane which will support W is 

0, yiTT, yjir, 

and the force of pressure on the plane is 

,/iW, y/iw, yiiF, 0. 

Example, — To find the force acting up an incline of 30'' that will 
support a weight of J cwt. 

In this case the required force 

s= weight X l^^ig?^_ Q| . pl^^ „qg _ ^ 30 ^ 

length of plane 
*= \ cwt. » 28 lbs. wt. 

47. Equilibrium on an inclined plane, the supportingr 
force being applied in any direction whatever. 

When the supporting force P is apjjlied 
in any direction other than those con- 
sidered above, its magnitude can, in 
general, only be calculated by Trigono- 
metry, but it may be determined graphic- 
ally thus. 

On the vertical through 0 measure OD 
downwards containing as many units of 
length as there are units of force in the 
weight W. Draw DF perpendicular to 
the inclined plane, and let it meet the 
line in which P is applied in the point E. 

Then, by the Triangle of Forces, £0 re- 
presents the force P, and DE represents 



Fig. 41. 
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the reaction It. Hence, if the figure is carefully drawn, P and It can 
he found by measuring the lengths £0, DE. 

For different directions of P, the point £ always lies on the straight 
line DF. Evidently £0 is least when £ is at £, because the perpen- 
dicular OF is less than any other straight line drawn from 0 to the 
line DE. 

Hence the force required to support a giee^t weight is legist when it 
acts along the plane. 


48. The Triangle of Forces can often be applied to 
the eqnilibrium of weights supported by strings, rods, or 
inclined planes, when it is required to calculate the sup- 
porting forces. In drawing a diagram to represent these, 
it frequently happens that certain lines naturally form a 
triangle of forces, and the problem is then very simple. 

The following may be taken as types of such problems 

Examples. — (1) Tn the crane the 

jib or rod CA is 12 ft. long, and is con- 
nected to the wall BC by a chain 45, 8 ft. 
long, attached at a point B 6 ft. above C. 

To find T the pull of the chain and 
P the thrust of the rod, when a weight 
equal to 18 cwt., is hung from A. 

The forces at A are 
(i.) P along 
(ii.) P along C4, 

(iii.) W or 18 cwt. acting vertically, 
that is, is parallel to BC. 

Hence these forces are parallel to the 
sides of the triangle ABC. 

Therefore, by the Triangle of Forces, P, P, IF can be represented 
in magnitude by AB, CA, BC. 

But >1£ = 8ft., C>l = 12ft., = 

AB ~ ^BC and CA = 2BC ; 

and F = 2W. 

But 7r=18cwt.; 

tension of chain P=^xl8»24 cwt., 
thrust of jib P = 2 X 18 = 36 cwt. 



and 
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(2) A string is attached to two 
pegs C in a horizontal line 24 ft . 
apart, and a weight of 10 lbs* 
is suspended from its middle point 
ff. If this point falls 5 ft. below 
the line to find the tension 
in the string. 

Complete the parallelogram 

/IffCO. 

Since AB = BC^ BD evidently 
bisects >4C at right angles in £, 
and BSD is vertical. Fig. 43. 

Let BAf BC represent the ten- 
sions in tlie two portions of the string. Then, by the Parallelograr 
of Forces, represents the weight of 10 lbs. 

Now, we are given that ££ = 6 ft., £C “ 12 ft. 

« ££2 + £C3 = 52+12-= 133; or = 13 ft. 

Also flD = 2££ » 10 ft. 

Since BE or 10 ft. represents a force of 10 Ib.s., 

BCi which is 13 ft., represents a force of 13 lbs. 

Therefore the tension of the string ^13 lbs. 



(3) AB and AC are two chains 9 ft. and 12 ft. long attached to peg 
£, C at a horizontal distance of 16 ft. apart. To find the pulls in th 
chains when a weight of 1 ton is suspended from A . 

ITore the lengths AB^ AC, BC arc proportional to 3. 4, 5 ; 

BC^^ ^ BA’^ AC^ : 

therefore BAC is a right angle (hy Euc. I. 48). 


Let F be the pull in AB^ Q that 
in AC, and let TT' = 1 ton, the 
weight at A. Then P acts per- 
pendicular to CA, Q perpendicular 
to AB, and W acts perpendicular 
to BC. Hence the throe forces at 
A act perpendicular to the sides of 
the triangle ABC, and if this .tri- 
angle is turned through a right 
angle, its sides, taken in order, will 
be brought parallel to the forces, 
as in Fig. 46. Therefore, by the 
Triangle of Forces, P, Q, IP are 
represented in magnitude by CA, 
AB, BC, that is, by 9, 12, 16 ft. 
respectively. 

Therefore jP= if Tr= ^ of 



C 


Fig. 44. Fig. 45. 
ton = 16 cwt., 


Q =r 7r I of a ton =12 cwt. 
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(4) A weight of 1 lb. is suspended by a string. To find the angle 
through which the string will be pulled aside out of the vortical by 
horizontal force of i/3 lbs., and to find the pull in the string. 

Let T be the required pull in the string, 

TT the weight (« 1 lb.), F the horizontal 
force (= lbs.). 

Let PK be the position of the string, the 
weight being at K. Then if the horizontal 
line KM meets the vertical PM at Af, the 
forces Wf F, T are represented in direction 
by PM, MK, KP, and therefore they can also 
be represented in magnitude by these lines. 

Now F^ VZTT: 

MK ^ V^PM, 
iMPK^m^, 
and /.MKP^^^O^. 

Therefore the string makes an angle 60° with the vertical. 

Also PK - 2PM ; 

. the required pull T 2TF = 2 Iba. wt. 



-»r 


Fig. 46. 


(5) A weight of 1 ton is attached at fl to a rod AB, w'hich is drawn 
aside from the vertical position through 30° by a chain BD attached 
to B. Find the pull in the rod, suijposing BD to make an angle of 
60°, (i.) with the upward drawm vertical, (ii.) with the downward 
drawn vertical. 

Let F be the required pull in the rod BA, F th(' pull in the chain 
BD, Q \ ton) the given weight 




Take any point A on the rod, and let the vertical through A meet 
DB produced in (?. 

Then the forces F, Q, F are represented in direction by CB. AC, BA, 
Therefore they can also be represented in magnitude by these lines. 
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(i.) In the first figure, 

Z BAC ^ 30°, Z = 60° ; and . . Z CBA - 90°. 

BA = ^AC. 

2 

required pull It = Q = tons weight. 

(ii.) In the second figure, 

Z BAC - 60°, Z ECB = 30° ; and .-. Z CBA * 30 \ 

Therefore ACB is an isosceles triangle having its base angles each 
30°, and if C bo joined to the middle point of ABy the triangle ACB 

will be divided into two triangles whose angles are 30°, 60°, 90°. 

(Trig., $ 19.) 

= 2x AC = '^ZAC. 

.*. required pull It — \/3 Q = ^^3 tons weight. 


Summary of Results. 

For equilibrium of weight W on a smooth inclined plane, 
if supporting force V be horizontal, 

P = TFx (height) 4- (base)... (1), (§ 41.) 

reaction P = TF x (length) -j- (base) ... (2). (§ 41.) 

Work done in drawing TF up plane 

= TF X (height) = P x (base). 

[In terms of the inclination A, 

P=TFtan^ (la). (§43.)] 

If P acts up the plane, i.e., in the most favourable 
direction (§ 47), then 

P = TFx (height) (length) ...(3),(§ 44.) 
P= TFx (base) -r- (length) ... (4). (§44.) 
Work done in drawing TF up plane 

= TFx height = P x length. 

[In terms of the inclination A, 

P = TFsin A, TFcos A. (§ 46.)] 
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EXAMPLES III. 

1. Find (rt) tho horizontal forces, and (A) the forces up the plane 
required to support each of the following weights on the given 
inclined pianos : — 

(i.) 10 lbs. on an incline of length 10 ft. and height 6 ft. ; 

(ii.) 78 lbs. on an incline of height 6 ft. and base 12 ft. ; 

(iii.) 30 tons on an incline of length 25 yds. and base 24 yds. ; 
(iv.) 85 kilogs. on an incline of 8 in 17 of length 34 metres. 

2. Find also the works done in drawing the weights of the last 
question up the planes. 

3. Find tho horizontal force, and find also the force acting up the 
plane, required to support a weight of 

(i.) 6 tons on an incline of 30° ; 

(ii.) 28 lbs. on an incline of 45° ; 

(iii.) 10 kilogs. on an incline of 60°. 

In each case find the reaction of the plane. 

4. The lengths of tho throe inclined planes of the preceding ques- 
tion are, respectively, (i.) 9 ins., (ii.) 3 ft., (iii.) 150 centimetres. 
Find the works done in drawing tho weights up the planes. 

5. A weight of 9 lbs. is pulled up an inclined plane of which tho 
height is li ft. and tho base is 2 ft. What force (i.) acting hori- 
zontally, (ii.) acting along the plane, is required for the purpose? 
What amount of work is done in each case ? 

6. A weight of 12 lbs. is supported by two strings, each inclined at 
an angle of 45° to the vortical. Find tho tension of the strings. 

7. A weight of 10 lbs. is supported by two strings which are in- 
clined at angles of 30° to tho vertical. Find the tensions in tho strings. 

8. A stone weighing 1 ton is suspended in the air by a chain ; a 
rope fastened to the stone is pulled so that the chain makes 30° and 
the rope 60° with the vortical. Draw a very careful figure showing 
the three forces acting on the stone, and a triangle represent! og them. 
Find the pull on the rope. 

9. A small heavy ring, which can slide freely upon a smooth thin 
rod, is attached to the end of the rod by a fine string. If tho rod be 
held in any position inclined to tho vertical, draw a triangle repre- 
senting the forces acting upon the ring. 

STAT. E 
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10. A body of w'eigbt 10 lbs. rests on a smooth plane inclined at 
an angle of 30° to the horizontal. Find the least value of the force 
required to sustain it and the reaction of the plane. 

1 1 . A weight rests on a smooth inclined plane. Determine the 
direction and magnitado of the least force which will keep it in 
equilibrium Find also the direction of the force in order that the 
thrust on the plane may bo double of that exerted in the first case. 

12. Two weights support each other on two smooth inclined planes 
of the same height, the weights being connected by a string passing 
over a smooth pulley at the junction of the planes. The angles of 
the planes are 30° and 60°. What is the ratio of the weights and the 
tension of the string P 

13. A wedge, whose triangular section ABC is right-angled at A, 
is placed with BC on a horizontal plane ; a horizontal force P will 
support a weight Q on AB. What horizontal force would be required 
to support a weight Q placed on AC? 

14. A picture, weighing 66 lbs., is slung over a nail in the ordinary 
way by a cord attached to two eyes in the top horizontal bar of its 
frame. If the height of the nail above this bar is half the distance 
between the eyes, what is the tension in the cordP Under what 
circumstances would the tension bo equal to or greater than the whole 
weight of the picture ? 

16. A particle P is placed inside a smooth circular tube, and is 
acted on by two forcos towards the extremities A and B of & fixed 
diameter AB. The forces are respectively proportional to PA and PB. 
Find the position of equilibrium. 

16. A wedge, whose triangular section ABC is right-angled at Ay 
is placed with BC on a horizontal plane. Two weights P and Q, 
connected by a string, will balance if placed with the string passing 
over A and P resting on ABy and Q on AC. If AB be placed horizon- 
tally, they win balance with P on BC and Q hanging vertically. 
Show that the sides of the triangle are in a geometrical progression 
whose common ratio is equal to the ratio P : Q. 

17. Determine the tension of the threads of a rectangular piece of 
network hung from a horizontal bar, due to suspending a series of 
equal weights in a horizontal line at the lowest points of the net, sup- 
posing the meshes are equal hexagons ofwhiohapair of sides are vertical. 



CHAPTER IV. 


THE TRANSMISSION OF FORCE— EQUILIBRIUM 
OF THREE FORCES. 

49. Rigid bodies. — In treating the conditions of 
equilibrium of several forces acting “ at a point*' we have 
supposed the forces to be all applied to a single particle 
placed at that point. When two or more forces act in 
parallel straight lines, it is impossible to suppose them to 
be applied to the same particle, for parallel lines never 
meet. They must, therefore, be supposed to be applied 
to a body of extended size. Accordingly, it will be 
necessary to state what is meant by a rigid body before 
proceeding further. 

Definition. — A rigid body is a hody whose size and 
shape always remain the same whatever forces he aj^plied to 
different parts of it. 

By this it is implied that the distance "between any two 
particles of a rigid hody always remains the same. 

In reality no body is perfectly rigid, but most solid bodies may bo 
regarded as rigid for all practic^ purposes. 

50. Rotation, — A rigid body can be rotated. 

'When a top is spinning, the different particles of the top rotate or 
move round and round rapidly, though the top does not change its 
position as a whole. The same is true when a wheel rotates or turns 
round. When a door is opened, the hinge remains where it is and 
the other parts of the door rotate or turn about it, those furthest from 
the hinge moving most rapidly. 

When a body changes its position as a whole, this motion is said to 
be a motion of translation to distinguish it from rotation. All the 
motions treated of in Book I. (Dynamics) are motions of translation.*^ 


* That branch of Mechanics which deals with rigid bodies rotating under the 
action of forces is called Rigid Dynamics, and cannot be treated satisfkctorlly by 
elementary methods. 
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When a number of forces acting on a rigid body are in equilibrium, 
they must have no tendency to produce motion either of translation or 
rotation ; otherwise the body will not remain at rest. 

51. Transmission of Force. — In the first place, it 
will be observed that 

Two forces acting at two points of a rigid body are in 
equilibrium if^ and only ify they are equal and oppositey and 
act in the same straight line. 

This may readily be verified by attaching strings to two points 
Af B of a body (say a stick) resting on a horizontal table, and then 


M ^ 


^ — » 


Fig. 49. 



pulling the strings horizontally. The body will turn round until the 
strings MA^ BN are both in one straight line, and will then come to 
rest. • And, since the forces produce no motion of the body as a whole 
(i.e.y no motion of translation), they must be equal and opposite. 

[If the body is again displaced so ns Ut bring the strings out of one straight line, 
it will not remain at rest, but will rotatt* back to its former position. Hence two 
equal and opposite forces which do not act in the same straight line are not in 
equilibrium, out tend to produce rotation.J 

52 . From the above property we deduce the following 
principle, which is known as 

The principle of Transmissibility (or Transmis- 
sion) of Force : 

A force acting on a rigid body may have its 
point of application transferred to any point what- 
ever in the straight line in which it acts without 
affecting the conditions of equilibrium. 

Let P be any force applied to a body at B in the 
direction BN. Let A be any point of the body in the 
straight line BN or BN produced. At A apply two equal 
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and opposite forces of magnitude P in the straight line 
AB, These two forces balance each other, and therefore 
do not afPect the conditions of equilibrium of the original 
forces. Now consider the two forces -fP at P and —P 
at A. Bj the property just proved, these two forces 
balance each other, and therefore they can be removed 
without affecting the conditions of equilibrium. We are, 
therefore, left with the force -f P at ^ as the statical 
equivalent of the original force P at B applied in the 
same straight line ; as was to be proved. 

The principle of the Transmission of Force may also 
be stated thus. 

When a force acts on a rigid body, it is immaterial what 
point in its line of action is considered to he the point of 
application of the force. 

The point of application may even be taken otUside the body, 
provided that the force is applied to a particle rigidly connected with 
the body. But a force cannot be replaced by an equal and parallel 
force acting at any point not in its original line of action. 

53. Conditions of equilibrium of three forces in 
one plane. 

If a rigid body is in equilihritim under three forces in one 
planCy their lines of action must all he parallel or all pass 
through one common point. 

For let the three forces be not 
all parallel. Then the lines of 
action of two of them must meet 
in some point, say 0. By the 
principle of Transmission of Force, 
we may suppose these two forces 
to be applied to a particle of the 
body (or rigidly connected with 
the body) at 0, Hence, as in 
Chap. I., they are equivalent to a 
single resultant force acting at 0. This resultant and the 
third force balance ; therefore they must be (‘qual and 
opposite and in the same straight line (§ 51). Hence the 
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line of action of the third force mast pass through 0, and 
therefore the three lines of action most all pass through 
one common point. 

In addition to passing through one common point, the 
three forces must satisfy the same conditions of equili- 
brium as if they acted on a particle at that point ; they 
must therefore be capable of being represented in magni- 
tude and direction by the sides of a triangle taken in 
order. 

The conditions of equilibrium of three parallel forces 
will be investigated in Chap. VI. 

64. The point of intersection of the forces need not he 
within the body. 

Thus, let three cords be attached to a ring or hoop at the equi- 
distant points At Bt C (Fig. 60), and let these cords be pulled with 
equal forces in the direction of radii OA^ OBy 00. Then these forces 
will be in equilibrium, for their directions pass through one common 
point (viz., the centre 0), and are inclined at angles of 120®. Hence 
the ring will remain at rest notwithstanding the fact that the point 0 
is not in the substance of the ring itself, (See also § 67, Ex. 1.) 

65. The wedge is a triangular block which is used 
either for splitting a body (e.g,y a piece of wood) into two 
parts, for separating two bodies, or for slightly raising 
heavy weights ofE the ground. The section of the block 
is a triangle, and the wedge generally studied on account 
of its greater utility and simplicity is isosceles, and could 
be formed by two right-angled inclined planes put back to 
back. A knife and a chisel afford good illustrations of 
the principle of the wedge. 

The wedge we consider in theoretical mechanics is smooth ; but 
most wedges are so rough that, when they have been driven in 
between two bodies, the friction prevents them from coming out 
ag^in. Usually, too, wedges are driven in by blows of a hammer ; 
hence the conditions of equilibrium found below are usually far from 
being realized in practice. 

56. Conditions of eqnilibrinm of a smooth wedge. 

— Let a smooth wedge, whose section is the triangle 
be driven in between two bodies Af, by a force P 
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applied on ifcs face BC* Let Q, B be the reactions with 
which Af, N resist the insertion of the wedge. 



Fig. 61. 


Then the wedge is kept in equilibrium by the three 
forces P, Q, P, and, since the wedge is smooth, these forces 
act perpendicular to PC, OA^ AB. Hence, if the triangle 
ABC he turned, through a right angle, into the position 
D£F, its sides will be brought parallel to the forces. 

Therefore P, Q, B can be represented in magnitude by 
BCf CA, AB, respectively, that is, 

P _ Q _ ^ 

BG CA “ AB ’ 

or, if a, 6, c denote the lengths of PC, C>^, AB, 



( 1 ). 


In the case generally considered where the section of a 
wedge is isosceles, 6 = c. We have 

Q = E = Px— . 

a 

By sufficiently increasing the length h and making the 
breadth a very small, a very small force P can be made 
to overcome a very large resistance Q. A hatchet is a good 
example of this. 
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Example, — A stone rests against a vertical 
wall AOi and can be separate from the wall 
b^ a smooth wedge weighing 28 lbs., whose 
triangular section ACBv& right-angled at C, 
and has its sides 7, 24, 26 inches long. To 
find the horizontal force with which the 
stone presses a^inst the wedge, no other 
forces being ap^nied to the wedge. 

Let Q be the reaction of the wall, JR the 
force of pressure of the stone on the wedge, 

28 lbs.) the weight of the wedge. Then Fig. 62. 

the wedge is kept in equilibrium by forces P, Q, P. 

Since ACB is a right angle, CB is horizont^, and therefore Pacts 
perpendicular to BC. Since the wedge is smooth, Q, R act perpen- 
dicular to CAt AB respectively. Therefore, by the Triangle of Forces, 
P Q ^ E 
BC^ CA'^W 



7 24 ' 26 


whence ^ « 96 lbs., R = 100 lbs. 

Also, by resolving horizontally, we have 

required horizontal component of P = Q — 96 lbs. ; 
therefore the stone presses with a horizontal force of 96 lbs. 


57. Equilibriuin of a heavy body. — Applications 
to problems. — The theorem of § 53 is very useful in 
enabling us to find the conditions of equilibrium of a 
heavy body supported at two given points by forces that 
are not vertical. The cases where the supporting forces 
are vertical will be considered later. 

It will be proved in Chap. XI. that the whole weight of 
a rigid body may always be supposed to act vertically at 
a single point of the body, call^ its centre of gravity or 
centre of mass. For the present, the following particular 
results will be assumed ; — 

(1) The weight of a heavy uniform rod or beam acts at 
its middle point. 

(2) The weight of a uniform sphere or cube., or of a 
circular disc^ acts at its centre. 

It will also be necessary to remember that — 

Action and reaction are equal and opposite (Newton’s 
Third Law) ; and that 

The reaction of a perfectly smooth surface is always perr 
pendicular to th<^t surface. 
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58. Examples, — (1) Equilibrium of a ladder. — A uniform ladder 
of weight W leans against a perfectly smooth wall. To find the 
thrusts which it exerts against the wall and ground when the ladder 
is 20 ft. long and reaches a height of 16 ft. 

Let AB be the ladder, G its middle point. 

Let F denote the reaction of the wall, 

R that of the ground. 

Then the three forces acting on the 
ladder are — 

(i.) Its weight W acting vertically 
through Q (since the ladder is uniform) ; 

(ii.) The reaction P at acting hori- 
zontally (since the wall is smooth and 
vertical) ; 

(iii.) The reaction R acting at A. 

Since these forces are in equilibrium, 
they must pass through one point. Lot 
the vertical through G meet the horizontal 
through B in M. Then the reaction R 
must act in the line AM, 

Let MG meet the ground in N. Then 
the forces 7P, P, R act in the directions of MN^ NAt AM, the sides of 
the triangle MAN taken in order. Therefore, by the Triangle of 
Forces, these sides may be made to represent the forces in magnitude, 
so that if BC or MN represents If', NA and AM will represent P and R 
respectively. Therefore 

NA AM 

MN’ ^-^*^MN- 

Now AB = 20 ft., BC = 16 ft. ; 

.-. AO^ = 202-162 = 42(52-42) = 4* . 32 - 122 . 

>10= 12 ft.; 

and it is easily seen* that 

AN = J>«0 = 6 ft. 

Therefore also 

AM^ = >1^2 + yvyjf2 = 52 + 162 = 22(32 + 82) 22 x 73 ; 

.-. AM = 2Vnit, 



P= IFx 


Reaction of wall P = 


16 8 


2v^73 


Reaction of ground 72 = TTx ‘ 

16 “ 


77^73 
8 


♦ For AQ = QB', triangles AQN, BOM are equal iii all resi^cts ; . . AN - BM 
= NO (the opposite side of the parallelogram MBON) ; AN — \AO, 
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(2) A aniiorm rod AB weighing 1 cwt., hinged at At is supported in 
a horizontal position by a rope attached to and making an angle of 
46^ with the rod. To find the tension in the rope and the force at 
the hinge. 

Let 6 be the middle point of AB, 

Let P be the tension in the rope, Q the 
force at the hinge, and let IF denote the 
weight of the beam (1 cwt.). 

Then the forces acting on the rod are — 

(i.) Its weight 1 cwt. acting vertically 
through Q ; 

(ii.) The tension P acting along the 
stiwg at B ; 

(iii.) The reaction JR of the hinge at A, 

These three forces must all pass through 
one point. Let this point be C. Draw 
yll^arallel to CB. 

'Hien P, Qi JF are represented in direc- 
tion by DAt ACy CD. 

Therefore they may also be represented 
in magnitude by these lines. 

Since I ABC == 45*^ and Z CGB « 90°, therefore hGBC is a right- 
angled isosceles triangle. Since GA ~ GBy the triangles GACy GBC, 
GAD are easily seen to be equal in all respects. Hence every triangle 
in the figure is a right-angled isosceles triangle, and over)’ angle in 
the figure is either 90° or 45°. In the triangle DACy 

DA= AC=- l^/2 . AD ; 

Q ^ V2 cwt. 

Therefore the tension in the string is J of a cwt., and the force 
at the hinge is also of a cwt., and its direction makes an angle 
45° with the horizon. 

I^As an exercise the student should work out the case where the 
string is in the straight line DB produced, making an angle of 45° in 
the opposite direction with AB. It will readily be found that the 
tension of the string and the force at the hinge are each A a/ 2 cwt., as 
before, and that the latter force acts in the direction DA.j 

(3) A ball 1 ft. in radius, and weighing 5 lbs., rests against a smooth 
wall, and is attached to a string which passes through a hole in the 
wall at Ay and is pulled with a force of 13 lbs. To find the length of 
string projecting from the hole. 

Let P be the reaction of the wall. 

The forces on the ball are — 

(i.) Its weight 5 lbs. acting^vertically through its centre C ; 



Fig. 54. 
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(ii.) The reaction Jt acting perpendicu- 
lar to the wall, and therefore in direction 
BC; 

(iii.) The pull of the string or 13 lbs. 

Since these pass through a point, the 
direction of the string passes through C, 
and the three forces are represented in 
direction by AB, BC, CA. 

Therefore, if the length AB represents 
the weight 6 lbs., BC will represent the 
reaction E and CA the pull of 13 lbs. 

Now CAB — 90° ; 

ylfl»+flC» = y(C2, Fig. 65. 

or 62 + JP=133; 

whence E — 12 lbs. 

But SC ==12 lbs. ; 

.*. a force of 1 lb. is represented by 1 inch ; 

AB = 5 inches and C^ = 13 inches; 
and, if D is the point of attachment of the string, 

AD = AC -DC == 13-12 = 1 inch. 

Therefore the required reaction is 12 lbs. and one inch of the string 
projects from the wall. 



69. Tlieorenui. — (1) Three forces proportional in magnitude to 
the sides of a triangle and bisecting these sides at right angles will 
be in equilibrium if they act all inwards or all outwards. 


For, by Euc. IV. 6, the 
perpendicular bisectors of 
the sides all meet in the 
centre of the circum- 
scribing circle. Hence the 
forces all pass through 
one point. 

Moreover, if the tri- 
angle is turned through 
a right angle, its sides, 
taken in order, will be 
parallel to the forces, 



E F 

Fig. 56. 


and will represent them 

both in magnitude and direction. Hence the forces are in equilibrium. 


(2) Any number of forces proportional to the sides of any polygon 
and bisecting these sides at right angles will be in equilibrium if 
they act all inwards or all outwards. 
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Let ABODE... be the given polygon. Join AO, AD , ...» and suppose 
the forces to all act outwards. 

From the last theorem » the forOes of magnitude AB, BO, bisecting 
AB, BO at right angles, have a resultant of magnitude AO, bisecting 
AO nt right angles, acting inwards with respect to the triangle ABO, 
or outwards with respect to AOD. 

Similarly, the forces AO and OD have a resultant AD bisecting AD 
at right angles. 

Finally, the forces AD, DE, EA, bisecting their respective sides at 
right angles, are in equilibrium. 

Therefore the given forces are in equilibrium. The same is simi- 
larly true if they act inwards. 


(3) To deduce the conditions of equilibrium of three parallel forces 
acting on a rigid body.* 

From Theorem (1), three p 

forces P, Q, M acting perpen- J 

dicular to the sides of a 
triangle ABO at their middle 
points L, M, N will balance if 
they are proportional to the 
sides, that is, if 

^ ^ 

BO OA AB' 

This is true however small 
the altitude of the triangle ABO. 


R 

Fig. 67. 


Hence it must be true when the 
altitude is infinitesimal. In this case the points A, B, lie in one 
straight line, and the forces P, Q, R act perpendicular to this line, 
and are therefore parallel. 

Now AM = lAO, AN = lAB ; 

MN = iOB. 


Similarly, NL — ^AO and LM = \BA. 

Hence the conditions of equilibrium of the three parallel forces 
P, Q, R acting at L, M, N become 


P ^ Q _ R 

MN NL LM 


( 2 ). 


In the above figure ML = MN + NL, 
and LM is equal and opposite to ML. 

Therefore, from (1), P is equal and opposite to P+ Q, so that, if the 
directions of forces are denoted by their signs, then, algebraically, 
P+Q-hR = 0 

is a necessary condition of equilibrium. 


• The conditions of equilibrium of three or more parallel forces will be ti'eated 
more fully by (jther inetliods in Chap. VI. The present treatment may therefore 
be omitteil on first reading, although it affords an instructive exercise, 
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Summary of Results, 

The Principle of Transmission of Force asserts that the 
effect of a force acting on a rigid body does not depend on 
what point in its line of action is its point of application. 

(§62.) 

Three Forces in equilibrium must either be parallel or 
intersect in one point. (§ 53.) 

Conditions of equilibrium of a smooth wedge under 
forces P, Q, R perpendicular to faces a, 6, c are 

(1). (§56.) 

The weight of a uniform rod acts at its middle point. 

The weight of a sphere, cube, or circle acts at its centre. 

(§57.) 

EXAMPLES IV. 

1. A person ascends a ladder resting on a rough horizontal floor 
against a smooth vertical wall ; determine the direction and magni- 
tude of the force with which the ladder presses against the floor. 

2. A uniform rod BC^ 6 ins. long, weighs 2 lbs., and can turn freely 
about its end B. It is supported by a string AC^ 8 ins. in length, 
attached to a point A in the same horizontal line as R, the distance 
AB being 10 ins. Find, by a diagram, the tension of AC. 

3. AB is a wall, and C a fixed point at a given perpendicular 
distance from it ; a uniform rod of given length is placed on (?, with 
one end against AB. If all the surfaces are smooth, find the position 
in which the rod is in equilibrium. 

4. Two forces applied at two points /4, R of a rigid body in the 
straight line AB are such as to balance one another. Prove (without 
assuming the Principle of Work) that, when the body moves in the 
direction ^R, the works done by the forces are equal and opposite. 

5. A uniform rod, whose length is 8 ft. and weight 1 6 lbs., is placed 
over a smooth peg, so that one end rests against a smooth vertical 
wall. The distance of the peg from the wall is 6 ins. Find the 
position of equilibrium and the force of pressure on the peg. 

6. A uniform rod, whose length is 2 ft. and weight 1 lb., is placed 
over a smooth peg, so that one end rests against a smooth vertical 
wall. The thrust on the peg is 8 oz. Find the distance of the peg 
from the wall and the position of equilibrium. 
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7. A uniform rod AB^ inclined at an angle of 30^ to tlie horizon, 
rests with the end A in contact with a rough horizontal table, the end 
B being supported by a string attached to a point C vertically above 
At If BC be inclined at an angle of 60° to the horizon, find the 
reaction of the table and the tension of the string. 

8. A rod AB is hinged at At and supported in a horizontal position 
by a string BC making an angle of 45° with the rod. The rod has a 
weight of 10 lbs. suspended from B. Find the tension in the string 
and the force at the hinge. The weight of the rod may be neglected. 

9. A rectangular box, containing a ball of weight IF, stands on a 
horizontal table, and is tilted about one of its lower edges through an 
angle of 30°. Find the thrusts between the ball and the box. 

10 . AC and BC are two smooth inclined planes at right angles to 
one another and intersecting at their lowest point C. A uniform 
heavy rod AB rests in equilibrium against them. Show that its 
middle point is vertically above C. 

11. Construct a triangle whose sides represent the forces acting on 
the rod in Q. 10, and calculate the forces of pressure of the rod against 
the planes, the inclinations of the planes being 30° and 60°, and the 
weight of the rod 1 lb. 

12. A picture is suspended from a nail A by strings ABOCA and OA, 
The former passes through two smooth rings at Bt C, so placed that 
ABC is an equilateral triangle, and at 0, the centre of ABCt it is 
knotted to the string QAt which is also suspended from A. Given 
the weight W of the picture, determine the tensions of the strings. 



THE TRANSMISSION OF FORCE. 


63 


EXAMINATION PAPEE II. 

1. State and prove the principle of Transmissibility of Force. 

2. If three forces in one plane keep a body in equilibrium, show 
that their lines of action will either meet in a point or be all parallel. 

3. If a body is partly supported by resting against a smooth fixed 
surface which it touches at one point, in what direction does the 
surface react against the body ? 

4. Find the ratio of the effort to the weight on an inclined plane 
when the effort acts parallel to the plane. 

6. If a power of 8 lbs. applied parallel to an inclined plane sup- 
port a weight of 17 lbs., what is the thrust on the plane P 

6. A weight rests on a smooth inclined plane. Sho*^ that the 
smallest force which will keep it in equilibrium must act along the 
plane. 

7. Forces of 3, 5, and 7 lbs., respectively, act on a particle at the 
centre of a circle, towards points on the circumference which divide 
it into three equal parts. Find the magnitude and direction of the 
force that will balance them. 

8. A heavy uniform beam AB is supported at a point 0 by the 
prop CD, its extremity A pressing against a smooth wall EF, Deter- 
mine the conditions of equilibrium. 

9. If a, b, e be the breadths of the three faces of a wedge, supposed 
forced into a fissure in the usual manner, given the action F against 
its back a, determine the two reactions Q and F against its two sides 
b and e, 

10. A ladder rests against a smooth wall of a house at a slope to 
the ground of 46°. Draw a figure showing the directions of the 
forces acting on the ladder, and prove that the force exerted by the 
ground is V6 times the force exerted by the wall. 
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MOMENTS OP FORCES IN ONE PLANE. 

60. Forces tending to produce rotation. — If a body 
is attached to a fixed axis or hinge about which it can 
turn freely, we can set the body in motion by applying to 
it a force in any direction not passing through the axis. 
And it is easy to verify by a few simple experiments that, 
the farther off from the axis the force is applied, the more 
effect it has in turning the body. 

Consider, for example, a door which can turn about its hinge. To 
open or shut the door, we apply a force to its handle in a direction 
perpendicular to the plane of the door, and at a considerable distance 
from the hinge. If we press against the woodwork of the door at a 
point very near the hinge, we shall have to exert a much greater 
effort to set the door turning, while if we lean against the edge of 
the door and push it directly against the hinge, it will not turn 
at all. 

When a wheel is turned by a handle, we apply to it a force perpen- 
dicular to the arm of the handle. It is easy to verify that, the further 
the handle is from the centre of the wheel, the less will be the force 
required to turn the wheel, although the handle will have to be 
moved through a grater distance in each revolution. 

In this chapter we shall consider the equilibrium of bodies under 
forces which tend to turn them about a fixed point or axis ; but shall 
not consider the actual motion of such bodies when the forces cause 
them to rotate. 
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61. Definition. — The moment of a force about a fixed 


point is the product of the measure of the force into the 
perpendicular distance of the point from its line of action^. 

Thus, if P be the force, and if OM is drawn from 
any point 0 perpendicular on the line of action of P, 
the product P x OM 
is called the moment of the force 
P about 0. 

The length OM may bo called 
the arm of the moment. Therefore 
moment = force x arm. 

The product P x OM becomes 
zero if either of its factors diminish 
to zero, that is, if 



Fi^^. 5m. 


P = 0 or OM = 0. 


In the latter case 0 is on the line of action of P. 

Hence the moment of a force about a point vanishes 
when either — 

(i.) the force itself is zero ; 

(ii.) the line of action of the force passes through 
the point. 

If the body is fixed or hinged so that it can turn per- 
fectly freely about 0, the force F cannot set the body in 
motion if its line of action passes through 0, for by the 
Principle of Transmission of Force P may be supposed to 
be applied at 0, and this point is prevented from moving 
by the hinge or support. 

Hence, when the moment of a force about a fijced point 
vanishes^ the forc^ has no tendency to turn the body about 
that point. 

On the other hand, if the moment is not zero, the force 
P cannot pass through 0, But the reaction of the hinge 
or support passes through 0. Hence these two forces 
cannot act in the same straight line, and the body cannot 
remain in equilibrium. It must therefore turn about 0, 
since no other motion is possible. 


• Notice that the words moment and monienfam haw entirely different meanings. 
They must he carefully distinguished /fur no tmmexiun v'hattvur exists between them. 
STAT. F 
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From these and other considerations to be proved 
shortly, it may be inferred that the moment of a force 
abont any point is a proper measure of the tendency of 
the force to produce rotation about that point. 

62. Positive and negative moments. — In dealing 
with forces in one plane, it is convenient to regard the 
moment of a force about a point as positive or negative 
according to which way the force tends to rotate a body 
about that point. 

Moments which tend to pi'oduce i*otation in the opposite 
direction to that in which the hands of a watch go are 
considered positive. 

Moments which tend to produce rotation in the same 
direction as the hands of a watch go are therefore to be 
regarded as negative, and a minus sign is prefixed to 
their amount. 


la.. 


Fig. 69. Fig. 60. 

Thus, in Figs. 68, 59, the moments about 0 of the forces indicated 
"hf the arrows are all positive ; but in Fig. 60 they are all negative. 

The following rule is also convenient — 

The moment of a force is 

positive about all points on the left of its line of action, 

negative „ „ „ right 

as seen by a person looking in the direction of the force. 

In forming the algebraic sum of the moments of any 
number of forces, each moment is taken with its proper 
algebraic sign. 

Thus, if two forces have equal moments about a point, but tend to 
produce rotation in opposite directions, their algebraic sum is zero, 
for one moment is a p/tw and the other a minus quantity. In parti- 
cular, two equal and parallel forces tending in the same direction will 
have equal and opposite moments about a point midway between 
them, and the algebraic sum of the moments will be zero. 
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63. Geometrical representation of the moment of 
a force. 

If a force he completely represented hy a straight line, its 
moment about any point shall he measured hy twice the area 
of the triangle which the straight line subtends at that point. 

Let AB represent any force P, then shall the moment of 
P about 0 be represented by twice the area OAB. 



Draw OM perpendicular to AB. Then 
area of aOAB = j^AB x OM. 

(Appendix on Trigonometry and Mensuration, § 20.) 

Now AB represents the force P, therefore AB must 
contain P units of length. Hence 
moment of P about 0 = Px OM = ABx OM = 2aOAB. 

64. If a given force is compounded with any force 
which passes through 0 , the moment about 0 will be 
unaltered. 

For if represents the given force P, and AD repre- 
sents any force Q passing 
through 0, their resultant B 
will be represented hj AC the 
diagonal of the parallelogram 
A BCD. Since OAD and BC are 
parallel, 

= AO^C ; 

moment of P about 0 = moment of B about 0 ; 
as was to be proved. 
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65. If a force JP is applied at any point /I, its 
moment about any point 0 is e^^inal to the product 

OA X resolved part of JP perpendicular to OA, 

For let AC represent the force P. Complete the rect- 
angle ABCD, whose side AD passes through 0. Then, by 
the Parallelogram of Forces, AD^ AB represent the com- 
ponents of P along and perpendicular to OA. 

Now aOAB = AOAC 
(since they are on the same base 
and between the same parallels). 

Therefore momentof P aboutO 
= 2A0AG = 2A0AB 

^OAxAB Fig. 63. 

= OA X resolved part of P perpendicular to 

66. Another expression for the moment of a force.— 

In the right-anglod triangle 0AM (Fig. 63) we have 

Bin MAO = OM = OA sin MAO ; 

AO OA 

. • . moment of P about 0 = P . OM = F . OA . sin MAO. 

Hence the moment of a force about a point is th'i product of the 
force, the distance of its point of application from the point, and the 
sine of the angle which this distance makes with the line of action of 
the force. 

Cor. Since P sin MAO = resolved part of P perpendicular to OAy 
we have an independent proof of the property proved in § 65. 

67. The moments of two intersecting forces about 
any point in the line of action of their resultant 
are equal and opposite. ^ 

Let two forces P, Q act in the lines AB, AD, and let C 
be any point in the line of action of their resultant P. 

Complete the parallelogram A BCD. 
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Choose the scale of representation such that AG represents 
the reeultant force E* 

Then, by the Parallelo- 
gram of Forces, A 6 and 
AD represent the compo- 
nents P, Q. 

Since A BCD is a 
parallelogram, 

.. acab-acda, 

Bnt the triangles GAB, CAD represent the moments of 
P and Q abont C, and these moments tend to turn about 
G in opposite directions. 

Therefore the moments of P, Q about C are equal and 
opposite. 



68. Equilibrium about a fixed point. — If a rigid 
body, moveable about a fixed point, is acted on by two 
forces in any plane through that point, those forces will 
balance if their moments about that point are equal and 
opposite. 

For, in order that the foi*ce8 may balance, their resultant 
must pass through the fixed point. Hence the moments 
of the forces about that point must be equal and opposite, 
from § 67. 

Either of the forces, if it were to act alone, would set the body 
turning round about the fixed point. Hence, since the body does not 
turn when both act, we are led to infer that the tendencies of the 
forces to produce rotation aro equal and opposite. 

Hence equal moments about a point represent equal tendencies to 
produce rotation about that point. Moreover, if a force >>e doubled, 
its moment about any point is also doubled ; but it is natural to sup- 
pose that its tendency to produce rotation about any point is doubled. 
Hence we infer that the moment of a force about any point is a 
measure of its tendency to produce rotation about that point. 

If two or more forces acting on any body have a single resultant, 
we should naturally expect the resultant to have the same tendency to 
produce rotation about any point as the several forces acting simul- 
taneously. We shall now prove that such is the case. 


This step of the proof should be carefully noted, as it is most important. 
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69. The algebraic eam of the momenta of two 
forces about a point in their plane ia equal to 
the moment of their resultant about that point 
(Varignon’s Theorem). 

Let two forces P, Q be completely represented by the 
lines ABi AD, Let the parallelogram A BCD be completed 
so that AC represents the resultant of P, Q, and let this 
resultant be P. 

Let 0 be any point in the plane of the forces. Then 



their moments about 0 are measured by twice the tri- 
angles OABy OAD, OAC respectively. 

Draw BE, DF parallel to OA, cutting AC in E, F. 

Then, evidentl}^, the triangles BCE, DAF are equal in all 
respects, and therefore AF ^ EC, 

Case i. — If 0 lies without the angle BAD, as in Fig. 65, 
then we have to show that 

2£^0AB^2a0AD = 2^0AC. 

Now* = £iOAE (*.' is parallel to OA)] 

/^OAD = l^OAF = A0£C ( •’ bases AF, EC are equal) ; 

2A0AB + 2A0AD = 2/^OAE + 2/^0EC = 2a0AC, 
or moment of P-f- moment of Q = moment of force R. 

* To avoid complicatiuj? the tiirure, the irianKleM O^f, OAF are not completed. 
The student sliould di-aw fresh tlgures on a large scale, lilling in these triangles as 
they are required in the proof. 
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Case ii. — 0 lies within the angle CADt as in Fig. 66, 
the moment of Q is negative and is represented by minus 



twice the area ODA, and we have to show that 
2A0AB-2A0DA = 2^0AC. 

Now, as before, AOAB AOAEy 

AODA = AOFA = AOCE ; 
2A0AB-2A0DA = 2aOAE-2aOCE = 2aOAC\ 
or moment of P -h moment of Q = moment of force P, 
as before. 

70. Observations. — The student should write out full proofs of 
the theorem, with figures, suited to the following cases : — (a) ^Vhen 
0 lies within the angle BAC. {b) When 0 lies within the vertically 
opposite angle BAD formed by producing BA-, DA. 

The proof may he simplifed by making one of the sides BC or CD 
of the parallelogram ABCD pass through 0. To do this we draw OD 
parallel iO' AB^ and choose the scale of repr€8e7itation such that AD 
represents the force Q. Let AB represent P on this scale. 

Completing the parallelogram ABCDy the resultant R is represented 
by AC. Now AB = DC, a0>15 = aDAC \ 
and if 0 lies without the L BAD, then 

hOAD^ l^OAB = load ^ d^DAC == lOAC, 

or sum of moments of P, Q = moment of R. 

The construction of the figure and completion of the proof are left 
as an exercise to thu student. 

[The more advanced student will find that the proof of Case i. may 
be made to include every case by making the following convention as 
to the sign of the area of a triangle, viz., that the area is to be 
regarded as positive or negative according to whether in going round 
the sides in the order of the letters used in naming the triangle we 
always have the triangle on our left or right. With this convention, 
LODA will represent an area equal and opposite to L0AD,m that 
LODA + load = 0, and the proofs of the two cases given above will 
be found to be identical.] 
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71. Q«neralisation. — If any number of forces act at a point in one 
plangy the algebraic sum of their moments about any point in that plane is 
equal to the ^noment of theW resultant. 

Let Pi, Pj, P 3 be any number of forces acting in one plane at A. 
Let 0 be any point in that plane. 

Let Xif Fi be the resolved part of Pj along and perpendicular to 
OA . Let ¥2 and X^, be the resolved parts of P 2 , Then 
moment of P^ about 0 = moment of Yi about 0 == 0>1 x F,, 
and similarly for the others. 

Therefore 

algebraic sum of moments of forces about 0 — x (Fj + Fj 4 F 3 + ...). 

But, if It denotes the resultant, X, F its resolved parts along and 
perpendicular to OAj then 

F = F,+ Fa+ + Fi+ ; (§30.) 

algebraic sum of moments about 0 ~ OA x T 
— moment of P about 0. 

The same thing may also be proved by f'ombining two of the forces 
and then coml)iniDg their resultant with a third force, and so on. 

CoK. 1 . If any number of forces acting at a point in one plane are in 
equilibrium, tho algebraic sura of their moments about any point in 
the plane is zero. 

For their resultant is zero ; therefore its moment about any point 
is zero. 

CoR. 2 . If the algebraic sum of tho moments of any number of 
forces about a point 0 in their plane vani.she 8 , tlu' forces either are in 
equilibrium or have a resultant passing through 0. 

72. Difference between the moment and the work of a 
force. — If we compare the definitions of § 36 and § 61, we shall 
observe that both the moment of a force about a point and the work 
of a force are products of forces into lengths of straight lines. But 
the moment of a force about a poipt is the product of a force into a 
straight line at risrht ancfles to it, while work is the product of a 
force into a straight line in the same direction. 

Thus, let a force P be applied to 
a particle at A. Then 
moment of P about 0 

^ PxOM (Fig. 67) 

^ OA X resolved part of P 
perpendicular to OA ; 
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work done in moving the particle from A to 0 

— P X AJIf ^ AO X resolved part of P alon^ AO. 

It is also to be observed that the moment of a force is a purely 
statical idea, but u'orl^ is only done when motion takes place. 


*73. We may apply the Principle of Work to show that tho moment 
of a force about any point measures its tendency to produce rotation 
about that point, as follows : — 

Let a body be rotated about the 
fixed point 0 by a force of mag- 
nitude P, applied at the end of the 
arm OM and always acting .perpen- 
fiiculnr to OM. Then, in the course 
of one complete turn about 0, 
the particle M describes a circle 
whose centre is 0 and whose cir- 
cumference is 2ir X OM. But the 
force P always acts in the direction 
in which M is moving. Hence the 
work done by P is found by multiplying P into the whole length of 
the path described by M ; 

. . work of P in one revolution *= P x 2ir . OM. 

= 2ir X moment of P about 0. 

But the work done in one turn must evidently be proportional to 
the tendency of P to produce rotation. Therefore this tendency is 
proportional to the product P x OM ; that is, to the moment of P 
about 0. 

Again, suppose a body, moveable about a fixed point 0, is acted on 
by any number of forces in equilibrium. Let it be rotated through 
one complete turn, and let the directions of the forces rotate with the 
body. Then the forces will continue to remain in equilibrium ; 
therefore, by the Principle of Work, the sum of the works done by 
the several forces is zero, i.e.y 

sum of moments of forces x 2x = 0. 

Therefore the algebraic sum of the mommts hf the forces about 0 must 
be zero ; thus affording an alternative proof of 6 71, Cor. 1. 
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Summary of Results. 

Moment of force P about point 0 
= P X (perpendicular distance of P from 0). (§ 61^ 

Moments are positive which tend in opposite direction to 
hands of clock. (§ 62.) 

Moments are positive about points on left-hand of force. 

If force P is represented by AB, then its moment about 0 
= 2 . (§ 63.) 

= OA X (resolved part of P perpendicular to OA), (§ 66.) 

Varignon's Theorem or the Equation of Moments. — The 
moment of resultant of two (or more) forces = algebraic 
sum of m,oments of its components. (§ 69.) 

[Proved for parallel forces in the next chapter, § 79.] 

For equilibrium about a fixed point, the algebraic sum 
of the moments must be zero. (§ 68 and § 71, Cor. 2.) 

EXAMPLES V. 

1. Find the moment round a point 0 of a‘ force of 3 lbs. acting at 
a point A along a line AB^ whore OA is equal to 10 ins., and the angle 
OAB equals (i.) 90°, (ii.) 46°, (iii.) 136°, (iv.) 120°. 

2. ABC is a triangle, right-angled at C, and having the angle B 
equal to 60°. Forces 3, 4, 6 act along AB, BC, CAf respectively. 
Find the moment of each round the opposite angular point. 

3. OAi OB are chords, 4 and 6 ins. in length, of a circular disc 
OACBt whose diameter OC is 6 ins. If forces of 3 and 4 lbs. act 
from 0 along these chords respectively, find how the disc will begin 
to move, the point C being fixed. 

4. Explain why a boy, pulling hold of the rim of a garden roller 
at its top point, can pull back a much stronger boy catching hold of 
the handle. If the first boy pulls the roller back in a horizontal 
direction, and the second pulls the handle in a direction making an 
angle of 30° with the horizon, compare the forces which they exert 
on it if no motion takes place. 

6. Forces act along all the sides but one of a plane polygon, and 
are represented by the sides in magnitude ; prove that, w'hen they all 
act the same way round*, their resultant is a force parallel to the 
remaining side and represented by it in magnitude. Prove, also, that 
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the lino of this resultant forms with the remaining side a paraUelo- 
gram whose area is tw^ the area of the polygon. 

6. A horizontal rod 8 ft. long has a weight of 1 lb. at one end, 
upward forces of 2 and 3 lbs. act at distances 2 and 6 ft. from that end, 
and a weight of 4 lbs. hangs from the other end. Taking the first end 
as the left-hand end in a figure, write down the moments of the forces 
about each end of the rod and about its middle point, prefixing the 
proper sign to each. Also find the algebraic sums of the moments 
about these points. 

7. Forces of 1, 3, 6, 7, 9, 11 lbs. act along the sides AB, BC, &c., of 
a regular hexagon ABODE F. Find the moment of each force about 
the point A. 

8. Draw an equilateral triangle ABCt ^^d suppose each side to bo 
4 ft. long; a force of 8 units acts from A to and a force of 10 units 
from C to A. (a) Find the moment of each force with reference to 
the middle point of BC. (&) Find a point with reference to which 
the forces have equal moments of opposite signs. 

9. Draw a square A BCD ; suppose forces of P and Q units to act 
from A to B and from A to D, respectively. Find the perpendicular 
distance of the lino of action of their resultant from C. 

10. Two forces of 6 lbs. and 12 lbs., respectively, act at right 
angles. Find the locus of the points in their plane round which the 
sum of their moments is 3|. {Apply VariyuonU Theorem.) 

11. A system of forces in a plane is such that the sum of their 
moments about a point A in that plane vanishes. If the forces are 
not in equilibrium, what do we know about their resultant ? 

12. A square whose side is 3 ft. long is divided into 9 smaller 
squares, each 1 ft. square. Forces of 3, 4, 6, G lbs. act along the sides 
of the middle square taken in order, in such directions that their 
moments about any point inside that square are all positive. Write 
down the moments of each force about each of the four angular points 
of the large square, prefixing the proper sign to each, and find the 
algebraic sum of the moments about each of these four points. 

13. ABCD is a square. Equal forces (P) act from D to A^ A to B, 
and B to C, respectively, and a fourth force 2P acts from C to D. 
Find a point such that, if the moments of the forces are taken with 
respect to it, the algebraical sum is zero. 
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PARALLEL FORCES. 

74. “Iiike” and “unlike” parallel forces. — In the 

preceding chapters we have considered the equilibrium of 
forces whose directions intersect one another. In the 
practical applications of mechanics, however, parallel 
forces are of even more frequent occurrence than inter- 
secting forces. 

The following definitions will be required : — 

Definition. — Parallel forces which tend in the same 
direction are said to be like. Those which tend in 
opposite directions are said to be unlike. 

If a force acting in one direction be regarded as 
positive^ it is convenient to regard any unlike force as 
negative. 

Thus, if there be forces of 28 lbs., acting upwards, and 66 lbs., 
acting downwards, and we consider the upward direction as positive, 
the two forces will be unlike, and the complete expressions for them 
will be + 28 lbs. and — 66 lbs., respectively. 


75. Composition of parallel forces (preliminary 
observations). 

When two parallel forces 
P, Q act at any two points 
B of a rigid body, their 
resultant, if it exists, may be 
deduced from the resultant 
of two intersecting forces by 
making use of the theorem 
of § 51. If, at A and B, 
we apply to the body equal 



Fig. 69. 
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and opposite forces F and —jP, both acting in the 
straight line AB^ these will not affect the equilibrium of 
the body as a whole. Now compound P with P, and Q 
with — P. 

The two former are equivalent to a single force S at 

and the two latter to a single force T at P ; hence 
the two forces P, T are equivalent to P, Q. 

Now let the forces /S, T, on being produced, intersect 
one another in 0. Then they must be equivalent to 
a single resultant force passing through 0. This force 
will also be the resultant of the parallel forces P, Q. 

Hence P, Q are equivalent to a single resultant 
force. 

The method fails if the forces P, T are themselves 
parallel, and we shall now show that this only happens 
when P, Q are equal unlike forces. 

For if ADGHt BEKL bo the Parallelograms of Forces at A, B, 
respectively, 

then, since 06 is parallel to KE and AG to BLf 

lADG^ I BEK, ‘ and I DAG ^ L EBK. 

Also, since AD, BE represent equal and opposite forces, 

AD = EB. 

DG -= KE, or AH = LB. 

Therefore the forces F, Q, ropresentod by AH, BK, are equal and 
opposite. 

7G. Couples. — Definition. — Two equal but unlike 
parallel forces are said to constitute a couple.’*'' 

Hence the result just proved shows that two parallel 
forces are always equivalent to a single resultant force unless 
they constitute a couple. By § 51 the two forces forming a 
couple are not in equilibrium. 

In the present chapter we shall deal with parallel 
forces that do not form couples. We shall, therefore, 
always assume that they have a resultant or else that 
three or more of them are in equilibrium. 

♦ Hence a couple in Statics does not simply mean “two of anything” as in 
ordinary language. 
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77. To find the resultant of two like parallel 
forces. 

Let P, Q be the two parallel forces, A, B any two points 
on their lines of action which we may suppose to be their 
points of application. 

At A introduce a force of magnitude F along AB^ and 
at B introduce an equal and opposite force F along BA 
(that is, —P along >45) ; these two forces will balance 



Fig. 70. 


each other, and will not affect the resultant. Let S be 
the force compounded of P and P, Tthe force compounded 
of Q and — P. 

Then the forces S and T will intersect at a point M 
between the forces P, Q, and will have a resultant P 
acting at Af, which will also be the resultant of P and Q. 

Draw CM parallel to P or Q, cutting AB in C- 

Replace the force S at Af by its components along C/If, 
and parallel io AC- These components are, of course, the 
same as when <8 acted at and are therefore P, P. 
Similarly, replace the force T at M by its components 
along CM and parallel to AC \ these components are Q, 
~P. 

Thus the two forces P, Q or T are together 
equivalent to forces P-fQ acting along CM^ and P— P or 
zero parallel to AC- 
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Hence the resultant of P, Q is P-hQ acting along CM ; 
or, in words — 

The magnitutle of the resultant is the sum of 
the components. 

The direction of the resultant is parallel to the 
components. 

The position of the resultant may be found as 
follows : — 

Since the forces at A are parallel to the sides of AAOM, 
therefore, by the Triangle of Forces, 

or PxAC = FxCM. 

Similarly,* since the forces at B are parallel to the 
sides of ABCM^ 

§ = or PxCB = FxCM. 

PX>4(? = 

If is taken at right angles to the forces, this relation 
e:[fpr esses the fact that the moments of JP, Q about C 
are equal and opposite. 

We may also write the above relation, 

CB P ’ 

which shows that AC is greater or less than CB, according 
as Q is greater or less than P, Hence 

The resultant lies between the two forces P, Q, 
and is nearest to the greater force. 

It divides the line AB in the inverse proportion 
of the forces. 


* The sides of A A CM do not represent the forces at A on the same suiJe tliat the 
sides of ABCM represent the forces at B, In the former triangle, AC represents F 
and CM represents P. In the latter, BC represents F and CM represents Q, Hence 
the scales oj representation in the two trUinyles are different. 

Note also that, algebraically, wc should strictly have Q,{- F) ■= CMjBC, and, 
since CB — -BC, this gives Q/Fs^CMfCB, as stated. 



82 


STATICS. 


line perpendicular to the forces P, Q, E and cutting them 
in A, By Cy respectively. In this straight line apply two 
equal and opposite forces F, — F. Let T be the forces 


1 

* ^ 1 

1 / 

1 , 

T fl 

b / 

1 ( 

b 


Fig. 72. 


compounded of P, F and Q, ~F, respectively; then By 
the resultant of parallel forces P, Q,y is also the resultant 
of the forces Sy T. Now the forces Sy T intersect one 
another (since Q do not form a couple). 

moment of E about 0 = algebraic sum of moments 

of Sy T. 

Now moment of B about 0 ^ Ex OC. 

Also P, Q are the resolved parts of Sy T perpendicular 
to OABC. 

moment of S about 0 = B x OA ; 

moment of T about 0 Qx OB. 

ExOC -FxOA^QxOB) 

or moment of E about 0 = algebraic sum of moments 

of P, Q about 0. 

This relation is sometimes called the ISqnation of 
Moments. 

Cor. 1. When three parallel forces are in equilibrium, 
the algebraic sum of their moments about any point in 
their plane is zero. 

For each force is equal and opposite to the resultant of 
the other two ; therefore its moment is equal and opposite 
to the sum of their moments. 
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Cor. 2. — When any number of coplanar forces* act on a rigid 
body, the algebraic sum of their moments about any point in their 
plane is equal to the moment of their resultant. 

Consider two of the forces. Whether these intersect or are parallel, 
algebraic sum of their moments about 0 *» moment of their resultant. 

Combine this resultant with a third force; then, algebraically, 
algebiaic sum of moments of the three 

— moment of third force + moment of resultant of first two 

— moment of resultant of all three forces, 

and so on, till all the forces have been compounded together. 

Observation. — In finding the position of the resultant of two or 
more parallel forces, it is usually better to apply the present principle 
by ** taking moments,” * .<?., writing down the “ equation of moments ” 
about any convenient point, instead of employing the results proved 
in § 77 or } 78. As a rule it is most convenient to take a point in the 
line of action of one of the forces, because the moment of the force 
is then zero. We may, however, take moments about a point on the 
resultant, or about any point whatever. 

Examples. — (1) To find the resultant of two like forces of 5 lbs. 
and 4 lbs. applied at the ends of a rod 3 ft. long perpendicular to its 
length. 

Let AB be the rod, C the point at which the resultant cuts it. 
(Fig. 72 may he used, taking P = b lbs. and (2 = 4 lbs.) 

Since the forces are like, their resultant = 4 + 5 lbs. = 9 lbs. 

Take moments about A. Then the moment of 9 Ihs. at C equals 
the sum of the moments of 5 lbs. at A and 4 lbs. at whence, taking 
a foot as the unit of length, 

9 xAC - 5x0 + 4x^^= 0 + 4x3 = 12' 

AC = ft. = H ft. = 16 ins. 

Therefore the resultant acts at a distance of 10 ins. from the 
6 lb. force. 

(2) To find the resultant of two unlike forces of 5 lbs. and 4 lbs. 
applied at points distant 3 ft. apart. 

Let At Bf C he the points of application of the forces and their 
resultant. 

Since the forces are unlike, their resultant = 5 — 4 lbs. ~ 1 lb. 


I.r., forces in one plane. 
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Taking momentb about Ay the equation of moments gives 
1 AC = 5x0-4x AB = 0 — 4x3« — 12 ; 
>^C==~12ft. or C>1 = 12ft. 

CB =. 12 + 3 - 15 ft. 


lU 


12ft 


PA 5l6r 
3£i 


t/ f\ 

aUib^ 

Fig. 73. 

Therefore the resultant acts at distances of 12 and 15 ft. from the 
fi-lb. and 4 -lb. forces respectively. 

(3) To find i)arallel forces which must be applied to a bar 9 ft. long 
in order that their resultant may be a force of 12 lbs. acting at 2 ft. 
distance from one end. 

Let P, Q bo the required forces, BC the bar, A the point at which 
the resultant acts. 

Taking moments about C, we have 

r y CB Q y> 0 12 X CA ; ^ jg 

Px 9 = 12 X 2 = 24 ; 

.-. P = V 1^8- = 7 lbs. 

Also P+Q == 12lb8. ; 

Q = 12-2| - 9^ lbs. 


12 

Fig. 74. 


80 . Conditions of equilibrium of three parallel 
forces. 

If three parallel forces are in equilibrium, each 
fbrce is proportional to the distance between the 
other two.’*^ 

Let P, Q, E represent the P a 

forces algebraically (so that | I 

P, Q, E are positive or nega- 
tive according to the directions 
of the forces). Let a straight 
line be drawn, cutting them , at 
ri^t angles in >4, B, C. 


R 

Fig. 76. 

Tfhen the sum of the moments of P, Q, E about any 
point is zero. 


* For th^ folloAMng proof § 81 maybe substituted as an alternative. 
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Taking moments about C \n succession, we have 
P.O + = 0; 

P.fi/4 + Q.O +P.fiC = 0; 

F .CA^Q.CB-¥11.0 =0. 

These give, respectively, 

R ^ _Q R ^ ^ J2 _ _ P 
AB AC‘' BC BA' CA OB' 
Now CA is eqiial and opposite to CA — that is, 
AC^-CA. 

Similarly, BA = -—AB, CB = —BC. 

With these substitutions, the last I’olations become 

R ^ Q ^ — j? 

AB’^ G A ' BC AB ’ CA BC ‘ 


Hence the conditions of equilibrium may be 
written in the S3rnimetric form, 


C ^ ^ 

BC ““ CA “ AB 


(!)• 


(Notice tliat P stands over the lengtli which does not contain tlie letter A ; 

t', R over the Icnt'thu which do not contain B, C. resi>cctivaly.l 

This relation holds good for the directions as well as the 
magnitudes of the forces. 

Thus, taking the points in the order of Fig. 75, since 
A, B, G lie in a straight line, the two lengths BC, CA are 
together equal and opposite to the third length AB^ so 
that, algebraically, BG-k-CA -\-AB = 0. 

Hence the two forces F, Q are together equal and opposite 
to the third, so that, algebraically, 

P h Q = — P, or P Q •+■ P ~ 0 

The conditions of equilibrium of three parallel forces 
may also be stated thus : 

The two extreme forces act in the same directitm, and ths 
middle force acts in the reverse direction and is equal and 
opposite to their sum. Also each force is proportional to the 
distance between the other two. 
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Example, — A rod 10 ft. long, whose weight ^Tacts at its middle 
point, has a weight 3 W attached to one end. To find at what point 
it must be supported in order to rest balanced. 

Let A be the end, C the middle point of the rod, D the point of 
support, and let E denote the reaction at D. 


AD C 

I 3} ft. I nr 

I W 

zw 

Fig. 76. 


n 


Then, by the conditions of equilibrium, 

TT 3 Tr ^ 

AD ^ DC CA' 

.*. DC^ZADs 

AC = AD^DC~AAD and AD = \AC. 

But AC — 0 ft. Therefore 

AD = ^ ft. = ft., DC -= ZAD = 3^- ft. 

Hence the rod balances about a point 1^ ft. from the end at which 
3 ir is attached. 


81. Cfeneralization.— If the straight line ABC, instead 
of being drawn perpendicular to the forces, is drawn cutting 
them in any oilier direction^ the conditions of equilibrium 
are still expressible in the form, 

P ^ 3 ^ 

BG ~ CA AB ' 

For, since E is equal and opposite to the resultant of P and Q, 
we have, by ^ 77 or § 78, 

« = 7>x|^Hnd = 

p BC + CA _ pBA^j^AB, 

BC ^ BC BC' 

P ^ Q ^ E 

~BC CA AB' 


whence 



PAlUliLEL rOHCES. 


87 


82. Experimental verification. — (a) Details of 
EXPERIMENT. — To verify, experimentally, the conditions 
of equilibrium of three parallel forces, take any rod, and 
first find C the centre of gravity the point at which 
its weight acts) by making it balance on a support placed 
at that point. Now suspend the rod from two spring 
balances attached at any two points B, and hanging 
vertically ; at C attach any known weight, and read off the 
spring balances. 



Fig. 77. 


{})) Obsi:i?vi:l> pacts. — It will be found that the two 
readings, when added together, are exactly equal to the 
weight of the rod together with its attached weight, both 
of which act at C. 

Now let the distances AC, CB be measured. Then, if 
the experiment be carefully performed, it will be found 
that the readings of the two balances attached at A, B, 
and the total weight at C, are proportional, respectively, 
to the lengths BC, CA, AB. 

(c) Dedtctions. — Hence, if li* denote the total weight at 
C, and P, Q denote the upward thrusts exerted on the 
rod by the two .spring balances, we shall have 

P = -(P + Q), PxAC- QxCB, 


and 


P ^ Q ^ P 
BC’^ CA^ AB ^ 


agreeing with the conditions of equilibrium already found. 
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Observation. — The experiment can be varied by attsiching a third 
spring balance instead of the weight at C. If the three spring 
balances are placed horizontallj” instead of hanging vertically, the 
weight of the rod will not affect the equilibrium, and it will be found 
that the readings of the three spring balances attached to A, By C are 
respectively proportional to BC, CAy ABy thus verifying the conditions 
of f 80 . 


Summary op Rksults. 


The resultant of two like parallel forces PyQ nki Ay B has its 
magnitude = P-f = sum of forces, 
direction parallel to l\ (J, 

point of ajiplication 0 between Ay By such that 

PxAO = QxCB. (§ 77.) 

The resultant of two unequal unlike parallel forces P, Q, 
where TXly has its 

magnitude = P—tJ = dilferencu of forces, 
direction parallel to and in sense of greater force 
point of application C on the side of the greater 
force, remote from the lesser (i.e., on BA pro- 
duced through A), so that 

PxCA == Qx CB. (§ 78.) 


The conditions <f equilihriunt <ff three parallel forces 
Py Qy E acting on a rod at A. B, 0 may he written 


P ^ _ U 

BC GA AB 


( 1 ), 


and the middle force is opposite in direction to the other 
two, and equal to their sum, (§ 80.) 


Varignoyi t Theitrem holds good for parallel as well as 
for intersecting forces, and asserts that the algebraic 
sum of the moments of two or more forces is equal to the 
moment of their resultant. (§ 79.) 
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EXAMPLES VI. 

1 . Find th(.* ivriultants oi“ each oi' the folloTv-ing pairs of like parallel 
forces at the given distances apart, suiting in each case the magnitude 
of this resultant and its distaT)ccs from eacli of the two components, 
and illustrating by figures : — 

(i.) 1 11). and 3 lbs., 2 ft. apart , 

;ii.) o 11)3. and 7 lbs., 3 ft. apart ; 

(iii.) 10^ lbs. and 1^ lbs., 1 yd. apart. 

(iv ) 4 lbs. and 10 lbs., 42 iii.s. apart : 

(v.) i ton and | ton, 0 ins. apart ; 

(vi.) 400 and 000 grammes, 10 cm. apart. 

2. Find, in liki' manner, the resultants of pairs of •nihlv parallel 
iorcLS whose magnitudes and distance.s apart arc gi%'eri hy the data 
i>f Example 1 . 

3. A rod 10 ft. long, whose weight maybe neglected, has masses 
of 8 lbs. .and 1 1 lbs. attached one to each end. Find the point about 
which it will balance and the force of pressuK' on its sui)port. 

4. Two unlike jiarallel force.?, of 1 and 2 units respectively, acd 
upon a rigid body, at points 1 ft. apart. Find the magnitude and 
point of application of their resultant. 

o, A uniform bar, 10 ft. long, balances over a rail, with a boy, 
weighing three timoy a.s much as the bar, hanging on to the extreme 
<‘nd of it. Draw a bgure .showing it.> balancing ])o.sition. 

6. Show that the rosultanl of two unlike parallel forces acts towards 
the >idc of the great<T of the two forces, and can never a'd ]»otwoen 
them. "NVliat happens if the force.? become equal' 

7. Two men arc carrying a bar lb ft. long, and weighing IfiOlhs. 
(.)ne man .supports it at a distance of 2 ft. from one end, and the other 
man at a distance of 3 ft. from the other end. What weight do(!s 
each man bear r 

5. A uniform rod, (i ft. long, and weighing 5 lbs., i.s laid on a table 
with 6 ins. i3rojecting over the edge. What weight can be hung on 
the end of the rod before the rod will be pulled over s' 
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9. Two parallel forces P and Q act at two points in a straight line^ 
6 ins. apart, in opposite directions. Their resultant is a force of 
1 lb. acting at a point in the line 4 It. from the larger of the forces 
P and Q. Determine the values of P and Q. 

10. A uniform heavy beam of length 7 ft. rests horizontally on two 
supports, one at one end and the other 6J ft. from that end. If the 
greatest mass that can be hung on the other end of the beam without 
disturbing the equilibrium be 16 lbs., find the weight of the beam. 

1 1 . Api)ly the Equation of Moments to deduce the magnitude and 
position of the resultant of (i.) two like, (ii.) two unlike, parallel 
forces applied perpendicular to the straight line joining their points 
of application. 

12. Conversely, employ the results proved in 77, 78 to establish 
the Equation of IMoments for two parallel forces. 

13. A rod 12 ft. long, whose weight maybe neglected, rests hori- 
zontally with one end on the edge of a table and the other supported 
by a vertical string. A mass of 18 lbs. is attached to the rod at a 
certain point. If the tension of the string be equal to the weight of 
12 lbs,, find the force of pressure on the table and the point where the 
weight is attached. 

14. Find by how much the greater of two par.illel forces P, Q 
acting in opposite directions must bo diminished in order that the 
distance of the lino of action of the resultant from that of P may bo 
the same as that of the line of action of the former resultant was from 
that of Q y 
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MACHINES^THE LEVER— THE WHEEL AND 
AXLE. 

83. A machine in Mechanics means any contrivance 
in which a force applied at one point is made to raise a 
weight or overcome a resisting force acting at another 
point. The former force is called the effort or power, the 
latter the resistance or weight.’^ We may suppose, by 
way of illustration, that the effort is applied by a man who 
works the machine, and that the resistance is the weight 
of a heavy body vvliich the man lias to lift off the ground. 

Machines are used for the following purposes : — 

(1) To enable a person to raise weights or overcome 
resistances so great that the effort ho is capable of exert- 
ing would be insufficient without the use of a machine. 

Example , — A truck drawn up an inclined piano when it is too 
heavy to be lifted bodily oft’ the ground. 

(2) To enable the motion imparted to one point of a 
machine to produce a much more rapid motion at some 
other point. 

Example . — A bicycle. 

(3) To enable the effort to be applied at a moi e cou- 

* Thp ti-rins “ jiowor ” ami ” art- used in the ))ooks on Mi .' lianics, 

ami still sometiiiii'H occur in examination jiapcrs ; but “power" also snrnifittH 
“ rate of working,” siicli as horse-power, ami machines are often used in ovor- 
conung resistances other than those due to gravity or “weight,” 
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venient point, or in a more convenient direction, than 
that in which the resistance acts. 

Example . — A poker used to stir the fire to avoid putting our hands 
into the glowing coals. 

In every case a machine mnst be capable of moving the 
point of application of the resistance, i.e.. of doing work 
against the resistance, and the Principle of Work teaches 
ns that, in all cases, an equal amount of work must be 
done by the effort in moving the machine ; in other words, 
we must put as much work into the machine as we want to 
get out of it. 


84. The mechanical powers. — The simplest forms of 
machines are called the mechanical powers, and it is 
usual to distinguish the following six forms of them : — 

The inclined plane. [Chap. III.] 

The wedge. [Chap. IV.] 

The lever. 

The wheel and axle, and windlass. 

The pulley and systems of pulleys. [Chap. VIII.] 
The screw. [Chap. IX.] 

In every case we suppose these machines to be devoid 
of friction, and in Statics we are chiefly concerned with 
finding the relations between the effort and the resistance, 
when there is equilibrium. 


85 . Mechanical advantage. — Definition. — The 
mechanical advantage is the number which expresses 
what multiple the resistance is of the effort, i.e.. 


mechanical advantage = 


resistance 

effort 


Consider, for example, a smooth inclined plane at a slope of, say, 
1 in 20. By applying a force of 1 cwt. along the plane, it is possible 
to draw a weight of 20 cwt. or 1 ton up the plane, and if the plane be 
long enough, this weight may bo raised to any desired height. The 
resistance to be overcome is that due to gravity, viz. , the weight of 
20 cwt. It is therefore twenty times the effort, and we say that 
the mechanical advantage is 20. Generally for a smooth incline of 
1 in the mechanical advantage is n if the effort acts up the plane. 
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86. Tke lever is a rigid bar capable of turning freely 
about a fixed point of support. This point is called the 
fklemm. The effort is a force applied at any point of 
the lever, so as to turn it about the fulcrum, and thus to 
raise a weight or overcome a resistance applied at any 
other point. The arms of the lever ai’e the portions 
joining the fulcrum to the points of application of the 
effort and resistance. 

The lever is most often a straight rod, the two arms therefore 
being in one straight line, and the effort and resistance generally 
act pe^endicular to the arms. But these are mere matters of 
convenience. 

87. To find the mechanical advantage of the lever 
when the forces act perpendicular to the arms. — 

Let 0 be the fulcrum, CA, CB the arms, and let a force P 
applied at A perpendicular to CA support a resistance Q 
applied at B perpendicular to OB. Then the condition of 

R 



Fig. 7.S. 


equilibrium requires the moments of P and Q, about C to 
be equal and opposite ; i.e., 

P X M -f Q X = 0, or PxCA = QxBC 
(remembering that BC is to be regarded as equal and 
opposite to CB). This condition may be written 
Q^CA 
P BC 


mechanical advantage, or 


resistance 

effort 


arm of effort . 

arm of resistance 
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or the effort and resistance are inversely proportional to the 
arms on which they act. 

Hence, by applying the effort at the end of a long arm 
and the resistance very near the fnlcmm, the mechanical 
advantage may be made very great, and a man may raise 
a weight many times greater than he could lift bodily ofE 
the ground. 

Example. — Thus, hy exerting a force of 1 lb. at a distance of 2 ft. 
from the fulcrum, we can lift a weight of 2 lbs. applied at a distance 
of 1 ft. from the fulcrum, or a weight of 24 lbs. applied an inch away 
from the fulcrum. 

88 . Uechanical advantage of levers in general. — 

Where P, Q, the effort and resistance, do not act perpen- 
dicularly to GB, the arms of the lever, we must drop 



Cb perpendicular on the lines of action of P, Q. By 
taking moments about C, the condition of equilibrium 
now becomes P xCa = QxGb. 

mechanical advantage ^ 

— ^ — perp, dist. of effort from fnlcrnm 
Gb perp. dist. of resistance from fulcrum * 

Observations. — The only difference therefore is that the perpen- 
diculars Ca, Cb are no longer the arms of the lever. We might, if 


MACHINES — ^THE LEVER — THE AVHEEL AND AXLE. 95 


we liked, replace the lover with one whose arms are Ca, Cb without 
altering the mechanical advantage. 

As a rule, in all such cases it is advisable to start with the 
Equation of Moments in working numerical examples, and not to 
assume formulte which are only particular cases of that equation. 

Example . — A straight lever, whose arms are 2 ft. and 3 ft. long, 
rests at an inclination of 60^" to the horizon, and a weight of 18 lbs. 
hangs vertically from its shorter arm. To find the horizontal force 
which must be applied to its longer arm in order to balance. 

Let ACB be the lever (Fig. 79). Then, if Q denote the effort 
and weight, these forces make angles of 60° and 30° respectively 
with AB ; therefore their resolved parts perpendicular to AB are 
JPys and \Q respectively. Their moments about C are the products 
of these resolved parts into the arms CAy CB. Therefore the Equation 
of Moments gives 

-jpya xCA ^hQ^CBy 

.*. 3 = 18 X 2: 

whence required force P = - - ^ 

3 V 3 

= ^ ^ = 4 11)^. 

9 

89, The three classes of lever. — Hf-raiglU levers 
are sometimes divided into three classes, according to the 
relative positions of A, B, Gy the points of application of 
the effort and resistance and the fulcrum. W e shall suppose 
the effort and resistance to be parallel. In considering 
the different cases, it is most convenient to use the sym- 
metrical conditions of equilibrium of three parallel forces. 
If a be the reaction of the fulcrnm on the lever, we have, 
therefore, by § 80, 

^ ^ ~ A 

BG GA AB ‘ 

This relation holds good as regards both magnitude and 
direction^ like and nnlike forces standing over lengths 
measured in like and unlike directions, respectively. 

The thrust of the lever against its support at (7 is a 
force equal and opposite to M. For convenience we will 
suppose that the resistance Q is a weight which always 
acts downwards. 
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90. A lever of the first class (Fig. 80) is one in 

which the fulcrum is placed between the effort and 
resistance, the points occurring in the order A, C, B. 

Here BC and CA are drawn in one direction, and AB 
in the opposite direction. 


It 


. t 

A |c s 



Fig. SO. 


Therefore P, Q both act in one direction, and R in the 
opposite direction. 

Thus the effort must be applied downwards, and the 
reaction acts upivards, so that the lever presses downwards 
on the fulcrum. 

In this lever, BC may either be greater or less than or 
equal to CA, Therefore the effort may either bo greater 
or less than or equal to the weight which it has to lift ; 
so that the mechanical advantage 'may he less, greater than, 
or equal to unity. 

And since BA BC + CA, the reaction B is equal and 
opposite to the sum of P and Q, or numerically 

P = P-hQ. 

Examples of this class, — The handle of a pump ; a crow- 
bar when it rests on a block in front of the weight to be 



lifted and not with its end on the ground (Fig. 81) ; a 
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poker, used to raise the coals in a grate, a bar of which 
is the fulcrum ; a spade, in digging ; a see-saw. 

Double lever . — A pair of scissors. Fig. 82 shows the 
forces acting on the arms of the scis.sors, those on the 
dotted arm being accented. 



91. A lever of the second class (Fig. 83) is one in 

w’hich the resistance is placed between the fulcrum and 
the effort, and the points of application, therefore, occur 
in the order Bj 0. 

Hence AB and BO are drawn in one direction, and CA 
is in the opposite direction. 



a 


Fig. 83. 


Therefore P and R both act in one direction, and Q in 
the opposite direction. 

Thus the effort must be applied upwardif, and the 
reaction of the fulcrum also acts upwards^ so that the 
lever presses downwards on the fulcrum. 

ST AT. H 
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Since CA > CB^ the effort is less than the weight ; so 
that the mechanical advantage is always greater than unity. 

And since AB ^ AO’—BC., the reaction is equal to the 
amount by which the weight exceeds the effort, or 
jB = Q-P. 

Examples of this class. — A wheelbarrow (Fig. 84), the 
fulcrum being where the wheel touches the ground ; a 
crowbar, when the lower end rests on the ground. 



Double lever. — A pair of nut-erackers, the forces on the 
two arms being shown in Fig. 85. 



Fig. 85. 

An oar is often described as a lever of the second class. It cannot 
be strictly said to belong to either class. If the boat were kept at 
rest and the oar used to scoop the water backwards, it would be a 
lever of the first class, with the rowlock as fulcrum. When the boat 
moves forwards instead of the water moving backwards, the relative 
motion and the relation between the effort applied to the handle and 
the resistance of the water are the same as' before, and can be correctly 
Jound by treating the oar as a lever of the first class. ^ 


This is proved in a note published m the Philosophical Magazine for Jan., 1-987. 
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92. A of the ^lird class (Fig. 86) is one in 

whicli the effort is applied between the fulcrum and the 
resistance, the points of application, therefore, occurring 
in the order 0, A , B, 

Hence CA and AB are in one direction, and is in the 
opposite direction. 


P 



Fig. 86. 


Therefore Q, B both act in one direction, and the effort 
P acts in the opposite direction. 

Hence the effort must be applied upwards^ and the 
reaction of the fulcrum acts downwards ; so that the lever 
presses upwards on the fulcrum. 

Since GB > CA, the effort is greater than the weight ; 
so that the inechanical advantage is always less than unity. 

And since AB = GB — OA, the reaction B is equal and 
opposite to the excess of the effort over the weight, or 
B:=P^Q. 

Examples of this cln^s . — The treadle of a turning-lathe 
or scissors-grinding machine ; a door-knocker. 



Douhle lever . — A pair of tongs (Fig. 87). 
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Lovers of the third class are rarely used, for, since the mechanical 
advantage is less than unity, a greater effort is neeessa]^’' to overcome 
the resistance than if no lever were used at all. This is sometimes 
expressed by saying that there is mechanical disadvantage. They are 
therefore useless for raising heavy weights. The use of a pair of 
ton^B is to enable the effort to be applied at a more convenient 
position. 

93. OusEuvATioN. — In the solution of problems relating to levers, 
the student is recommended not to make use of the distinction 
between the three classes of lever, but to work each case out 
independently, either by taking moments or by writing down the 
conditions of equilibrium of the three forces acting on the lever. 

Example. — A slab of stone weighing 1 ton, whose weight acts at its 
centre, is to be tilted up by a crowbar 3 ft. long resting against a log 
of wood in front of it. To find where the log must be placed in order 
that a force of 1 cwt. may suffice to raise the slab. 

Let ACB be the crowbar, BGD the slab resting on the ground at f), 
G its centre of gravity. Let JP, R be the forces acting on the 
crowbar ai A ^ B^ C. 

Then the weight of the stone, 1 ton {= Jr, say), acts at Gj and is 
lifted about D by the force Q acting at B. 


A 



Fig. 88. 

Taking moments about Dy 

Q X BD = GD. 

But G is the middle point of BD ; 

Q = JVy. = 1 tonx J = ^ ton = 10 cwt. 

Taking moments about C for the crowbar, 

Px AC * Q X CB. 

Or, since P - 1 cwt., AC ^ ^ Cfi = y Cfi = lOCfl ; 

AB = AC + CB=\OCB + CB=llCB; 

CB = ^AB = t’t of 3 ft- = Hr '“S- 
Hence the crowbar must rest on the log at a point 3 y\ ins. from its 
extremity. 




MACHINES — THE LEVER — THE WHEEL ANP AXLE. 101 

94. The wheel and aale arc two cylindrical rollern 
joined together with a common axis terminating in two 
pivots about which tl>ey can turn freely. The larger 
roller is called the wheel, and the smaller the aide. 
Both the wheel and the axle have ropes coiled round them 
in opposite directions. The rope on the axle supports 
the weight, and the efEort is applied by pulling the mpe 




attached to the wheel. As the rope round the wheel 
unwinds, that round the axle winds up and raises the 
weight. Fig. 90 shows an end view of the arrangement. 

Mechanical advantage of the wheel and axle. — 

The condition of equilibrium is the same as if the strings 
were really in a vertical plane perpendicular to the 
common axis as they appear in Fig. 90, and therefore 
the moments of the effort P and weight W about the axis 
are equal and opposite. Here, if a denotes the radius of 
the wheel, juid b that of the axle, then a, b are the arms 
on which P and W act, and therefore 

Pa = Wb; 

i.e., effort X rad. of wheel = weight X rad. of axle. 

. . mechanical advantage = ^ = fL = rad, of wheel 

^ ^ rad. of a*le 

( 8 ). 

By making the wheel large and the axle small, the 
mechanical advantage may be made as great as is desired. 
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96. The wheel and axle is thus really equivalent to a lever whose 
arms are the radii of the wheel and the axle. But the lever can only 
he used for raising weights through short distances ; the wheel and 
axle will lift them to any desired height. 

Instead of the rope being coiled round the wheel, an endless rope 
may be used, passing round a groove cut in the rim of the wheel, as 
in a common roller-blind, provided proper precautions are taken to 
prevent the rope from slipping round in the groove. 

96. The windlass (Fig. 91) is a modifi cation of the 
wheel and axle, the only difference being that the effort is 
applied by turning a handle ^// at the end of an arm CA, 


A H 



Fig. 91. Fig. 92. 


It is commonly used for raising buckets of water from a 
well, or earth from a shaft. An improved form has two 
buckets so arranged that the empty one goes down as the 
full one comes up. 


Mechanical advantage. — If a is the length of the 
arm CA, the equation of moments gives, as before, 

Pa = Wh ; 

and mech. advantage = = 

h radius of axle 


the length of the arm thus taking the place of the radius 
of the wheel. 
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If there are two buckets, and the total ascending and descending 
weights are H"and w, we shall hare, by taking moments, 

Pa = jrb--u'b = {jr-^w)b. 

Example. — The axle of a windlass is 8 ins. in diameter, and 
carries two buckets of equal weight on opposite sides. To find the 
force which must be applied to a handle, whose arm is 2 ft., to raise 
3 gallons of water, a gallon weighing 10 lbs. 

Let P be the force, n' the weight of e*^‘^h bucket. Then, since the 
radius of the axle is 4 ins., the arm of the handle 24 ins., and the 
total weights on the two sides w and xc + 30 lbs., we have, by moments, 
P^'2^ = {iv + 30) X 4 ■— X 4 --- 30 x 4 ; 
whence P = 5 lbs. 

[Notice that the weights of the two buckets balance each other.] 

97. The capstan TFig. 93) used on board ship is 
exactly similar in principle, but the barrel turns on a 



vertical axis and is worked by one or more men walking 
round and pushing a number of horizontal projecting 
arms (called handspikes). Here the moment of the pull 
of the rope is equal to the sum of the moments of the 
forces exerted by the men. 

Example. — The barrel of a capstan is 3 ft. in diameter, and is 
worked by four men exerting forces of 45, 52, 03, and 04 lbs. on arms 
each ft. long. The rope passing round the barrel is fastened to 
a pier. To find the force drawing the ship towards the pier. 

Let Q lbs. be the required force exerted by the rope. Then, since 
the radius of tho barrel is H ft., we have, by taking moments, 

0 X H = (45 + 62 + 63 + 64) x 7^ ; 

.-. = 224 X 6 lbs. = 1120 lbs. = i ton. 
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08. Principle of Work for any machine, — Although 
a small effort may be made to overcome a very large 
rc.sistance with a machiue, the Principle of Work, or 
Principle of Conservation of Energy, holds good in every 
case, and asserts that the work done by the effort is 
always equal to the work done by the machine against 
the weight or resistance. 

Hence no work is gained or lost by the use of a fric- 
tionless machine. 

For instance, if, in any machine, a force f>f 1 lb. sup- 
ports a weight of 10 lbs., the former force will have to 
move its point of application through 10 ft. to raise the 
weight through 1 ft. 

This is sometimes expressed by saying that “what is 
gained in power is lost in speed.” In more accurate 
language, mechanical advantage is always obtained at the 
expense of a proportionate disadvantage in diminished 
speed. 

Conversely, where increased speed is obtained by means 
of a machine, this is only attained at the expense of 
mechanical disadvantage. 

Example . — arms of a lever are 3 ft. and 1 It. To find the force 
on the longer arm and the work done in raising a weight of 12 lbs. 
through 1 in., and to verity the Principle of Work. 

Let 1* b(! tlie re(|nired force. Then, hy taking mommts about the 
fulcrum, 

Px 3 — 12 X 1, whence* P — 4 lbs. 

Let the lever be turned about the fulcrum. Then the points 
furthest from the fulcrum will move over the greater distances ; and, 
hy drawing a figure with the lever in two positions, it is easy to see, 
or to prove.', hy Euclid VI. 0, that the distances moved by different 
points are proportional to their distances from the lulcriim. Thus, if 
the end of the shorter arm moves 1 in., that of the longer arm will 
move 3 in. 

Now work required to lift 12 lbs. througli 1 in. 

= 12 X = 1 ft. -lb. 

Work done by P, or 4 lbs., in moving its point of application 
through 3 ins. = 4 x = 1 ft. -lb. 

work done hy P = work required to raise 'height. 

Therefore the Principle of Work is true in this case. 
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99. Principle of Work for the wheel and axle. — 

Let a, h be the radii of the wheel and axle, and let them 
be rotated through one complete turn. Then a length of 
rope equal to the circumference of the wheel, or 27rrt, 
uncoils from off the wheel, and a length equal to the 
circumference of the axle, or 27r2;, coils round the axle. 

Hence, distance /aZ Zen by P (the effort) 

== circuiuference of wheel = 2niij 
and distance ri'^en by W (the weight) 

= circumference of axle = 27rh ; 
work done by P = Px 
and work done against W = ]Fx27rZ>. 

(i.) If we as^mme the equation of mo men t>i 

Pxa = T7xfe, 

then P X 2-jra = IPx 27rZ^, 

or work done by P = work done against IK, 

verifying the truth of the Principle of Worlc for the loheel 
and axle. 

(ii.) Conversely, if toe asanme the Principle of Work to 
he true, then ]* xa = IK x Z>, 

verifying the relation between the effort and resistance, which 
is otherwise obtainable from the equation of moments. 

100. To find the mechanical advantage of any 
machine from the Principle of Work. 

We shall now show that the mechanical advantage or 
the condition of equilibrium of a machine working without 
friction can very easily be found by means of the Princi- 
ple of Work when they cannot be easily found by other 
methods. 

For let the machine be set in motion. Then it is only 
necessary to compare the distances through which the 
points of application of the effort and resistance move; 
their ratio is the required mechanical advantage. 

For if P, Q denote the effort and resistance, x, y the 
distances moved by their points of application, then the 
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relation work done b j P = work done against Q 
gives P X = Qxy. 

/. mecbanical advantage, 

^ y 

distance moved by point of application of P 

distance moved by point of application of Q 


Examplen. — If, by moving a handle through 1 ft., a weight of 
1 cwt. is raised through 1 in., to find the force that must be applied 
to the handle. 

The mechanical advantage is the ratio of 1 ft. to 1 in., and is 
therefore 12. 

Hence force required to raise 112 lbs. = 112 12 = 9^ lbs. weight. 


101. Toothed or cog- wheels. — By the use of toothed 
wheels, the mechanical advantage of a windlass or other 
similar machine can be increased to any desired extent. 
By counting the number of teeth or cogs on two wheels 
which work into one another, we may find the number of 
turns and fractions of a turn made by one wheel for each 
turn of the other, and in this way determine the relation 
between the efEort and weight. 

Examples. — (1) The handle of a windlass is 1 ft. long, and is con- 
nected to a cog-wheel with 6 teeth, which works another cog-wheel 
with 84 teeth, connected to an axle 9 ins. in diameter on which is 
coiled the rope supporting the weight. To find the force which must 
be applied to the handle to lift 5 cwt. 

Since the cog-wheels contain 6 and 84 teeth, respectively, 

. one turn of the axle corresponds to -%*- or 14 turns of the handle. 

In one turn of the handle the extremity describes a circle of cii'- 
cumference 2ir ft., and in one turn of the axle a length ft. of 
rope coils up, drawing up the weight. 

Therefore, by the Principle of Work, if P is the required force in 
lbs. weight, Pxl4x'jrx2 = 560 x tt x 

560 X 3 , - It ‘Vi. 

P == = lo Ihs. weight. 

14 X 2 X 4 

(2) The driving wheel of a bicycle is 90 ins. in circumference, the 
cranks of the pedals are 4^ ins. long, and the driving wheel makes 
20 turns for every 9 turns of the crank axle. If the force resisting 
the motion of the machine is ^ lb., to find the average force which 
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the rider exerts on the pedals, supposing him to press on them 
vertically downwards. 

In each turn of the driving wheel the machine moves forward 90 ins. 

But the turn of the cranks produces y turns of the driving wheel. 

Therefore in one turn of the cranks the machine moves forward 
200 ins. =* feet, and the work done against the resistance is x | 
or ft-lhs. weight. 

But in one turn of the cranks each of the two pedals is lowered in 
turn througli a vertical distance = twi^'t* the length of the crank 
= 9 ins. = f ft. 

Hence, if P lbs. denote the average force which the rider oxerts on 
the pedals, the Principle of Work gives 

Px2x^ = 

P = = 5-6 lbs. weight. 

Note. — The student is at liberty to apply the Principle of Work or 
Principle of Conservation of Energy to any problem whatever in 
Mechanics, provided its use is not precluded by the conditions of the 
question (as, for example, where it is required to rcriftf the principle 
w’hen its truth must not be assumed ) . 


Summary of Results. 


Mechanical advantage of any machine is defined as fraction 
resistance to be overcome 


Q W 

-- = or 

effort applied to move machine P P 


(§ 86 .) 


Let this be denoted by while or W and P have 
their usual meanings. 

In any lever the equation of moments about fulcrum 

gives M = of P from fulcrum 

P distaiice of Q from fulcrum ”* 

For a straight lever ABCy whose fulcrum is C, the con- 
ditions of equilibrium are 

BC~CA~AB' 

where R is the reaction of the fulcrum. 
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In a lever of the 

first class, fulcrum is in middle, M > = or < 1, (§ 90.) 

second „ resistance „ „ Jlf alway.s >1, (§91.) 

third ,, effort „ „ Jlf always <1. (§92.) 

Tn a loheel and axle or ivindlass. Pa = Qh^ or 

^ a ^ rad. of wheel arm of handle 

h rad. of axle rad. of axle 

(§§94, 96). 

The Principle of Work for any machine gives 

work of effort = work against resistance ; 
whence, if y are distances traversed by P, Q, 

= Qy, M=-^' . (§ 100.) 

y 

EXAMPLES VI 1. 

1. The arms of a lever are 4 iiiH. and 11 ins. in length, and a 
weight of 41 J IhK. iy attached to the yhorL-r arm. Find the power. 

2. A lever, C ft. long, having the fulcrum at one end and the 
applied force at the othcT end, is irmal to sustain .'i weight of 1 cwt. 
at a point 2 ft. from the fulcrum. Find tlio direction and magnitude 
of the pressure on the fulcrum, 

3. Two weights 7' and Q halaiicc on a weightless lever, the fulcrum 
being 1^^ ins. from the middle point of the levm’. If each weight 
is increased by 1 Ih., the fulcrum must be moved I in. in order that 
there may be equilibrium. Find the force of pressm-o on the fulcrum 
in each case. 

4. Explain carefully why a man stands on the bottom rung of a 
ladder, and holds on to another rung as low down as he can, when 
another man is lifting the laddf'r. 

5. Two men carry a load of 1 cwt. suspended from a horizontal 
pole 12 ft. long, whose weight is 20 lbs., and whoso ends rest on their 
shoulders. Find the point at which the load must be suspended in 
order that one of the men may bear 94 Ihs. of the whole -weight. 
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C. The drimi of u windlass is 4 ins. in diHiiieter, and the power is 
applied to the handle 20 ins. from the axis. Find the force necessary 
to sustain the weight of 100 lbs., and tlu^ work done in turning tha 
handle ten times. 

7. '\\niT cannot a man, sitting in a luisket, lift himself and the 
basket off the ground by pulling at the handles of the basket F 

8. What power will balance a weight of 6 ewt. by nieuns of a 
wheel and axle whose eireumfen'nces are, rcspectirely, 5 ft. 4 ins. and 
9 ins. ? 

9. A wlieel and axle hs used to raise a bucket weighing JiO lbs. 
from a well. Th«‘ radiu.s of the wheel is 20 ins., and while it makes 
7 revolutions the bucket rises 11 ft. What is the smallest force that 
will raise th«‘ bucket F 

10. Two forces i*and 0 balance on"a lover acting on the same side 
of the fulcrum. If 7* be increased by I lb., equilibrium may be main- 
tained by moving 7*\ point of ajiplication 2 ins. ; or if Q be increased 
by 1 lb,, by moving point of application ^ in. ; or if both and 
^ be increased by 1 lb,, by moving both points of application IJ ins. 
Find 7' and 

11. In any lcv<!r, find the mechanical advantage when the effort is 
applied at (i.) the point of application of the* rtsisiance, (ii.) the 
fulcrum. Applying this to the.* case of an oar in a lio.it, stato what 
happens when tJio oarsman pulls hold of it the rowlock, and 
hence show that the oar acts as a lever whose fulcrum is at the 
rowlock. 

12. is a weightless lever acted on at ^ and B by two equal 
forces Pand Q, whose directions iontain an angle OO"*, /' acting at 
right angles to /IB. Find where the fulcrum must be situated so 
that J* and Q may be in equilibrium, and find the force of pressure 
they exert on the fulcrum. 

13. /IB is a weightless rod turning freely round its middle point C ; 
D is a point vertically under C, such that CD equals half the length 
of the rod ; the points B and D are connected by a thread of the .sumo 
length as CD or CB. If a v/eight W is hung from A, what is the 
tension of the thread BD, and what is the magnitude and direction of 
the prossur<j on the point C F 
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14. Two weights of 4 lbs. and 8 lbs. balance when suspended from 
the ends of a straight lever with the fulcrum 1 ft. from the larger 
weight. When P lbs. are added to each weight, the fulcrum has to 
be shifted a distance of 2 ins. Find the value of P and the length of 
the lever. 

16. Draw to scale a wheel and axle by which a man, sitting in a 
loop at the end of a rope wound round the axle, can haul himself up by 
pulling at a rope round the wheel with a force only one-fifth of his 
weight. What weight is sustained by the pivots ? 

16. State the principle of the Conservation of Energy, and show 
how it holds good in the case of a lever of the third kind. 
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EXAMINATION PAPER III. 

1. What do you mean by the moment of a force about a point ? 

2. Show that the algebraical sum of the moments of two forces 
(whose linos of action intersect; about any point in the plane con- 
taining the forces is equal to the moment of their resultant. 

Deduce the rule for compounding two like parallel forces. 

.'L Find the resultant of two parallel forces acting in opposite direc- 
tions. 

4. ABC is a triangle having a right angle at C ; BC is 12 ft., and AC 
is 20 ft. ; P is a point in the hypotenuse AB such that AP is one-fourth 
of AB; a force of 50 lbs. acts from C to 5, and one of 100 lbs. from 
C to >1. (rt) Find the moments of tho forces with respect to P. 
{h) Find the sum the algebraical sum) of tho two moments, 
(f) If the point P w’ere fixed, in what direction would, tho forces 
make the triangle revolve-' 

0 . State the conditions of oquilibiium of throe parallcd forces acting 
upon a rigid body. 

6. A straight line AB represents a rod, 10 ft. long, supported hori- 
zontally on two points, one under each end ; C is a point in AB^ 3 ft. 
from A. What thrust is produced on the points A and B by a weight 
of 30 lbs. hung at C ? What additional thrust is exertod on the points 
of support if the rod is uniform and weighs 20 lbs. P 

7. Classify the different kinds of lovers, pointing out those in which 
there is a mechanical advantage. 

8. Explain how the mechanical advantage of an oar will be altered 
by altering the position of the point in contact with tho rowlock. 

9. “ What is gained in power is lost in speed.” — Explain clearly 
what is meant by this statement, and show that it is true in the case 
of the wheel and axle. 

10. In a wheel and axle the radius of the wheel is 2 ft. and that of 
the axle is 2 ins. What power will balance a weight of 97 lbs. if 
the ropes to which the power and weight are applied are each ^ in. in 
diameter ? 



CHAPTER VIIL 


MACHINES — THE PULLEY AND SYSTEMS OF 
PULLEYS. 

102. The pnlley, or pnlly,* is a wheel with a groove 
cut round its rim so that it can carry a striug or rope or 
chain passing round it.f Pulleys turn on pivots^ which 
are attached to a framework called a block or sheave, and 
this block is either fixed, or is attached to a string and 
is then moveable. 



Fig. 94. Fig. 95. 


103, In the fixed pnlley the weight is attached to 
one end of the string passing round the groove, and the 
effort is applied by pulling the other end. Since the 
wheel is only supported at its centre by the pivots, the 
moments of the effort and weight about the centre 0 are 
equal and opposite ; that is, 

♦ The word way either be spelt pnlleyj plural pulhifs, or imllii, i)liiral pnlliei>, 
t For the sake of niiiformity we shall speak of a string. The weight of this 
string will be assumed too small to require to be taken into account. 
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FxOA ^Qx OB, 

or r X radius of pulley = Q x radius of pulley. 

effort I* = weight Q, 

mechanical advantage = 1 (1). 

Thus exactly the tmiuc force must he applied to lift a 
given weight as if the weight were lifted vvithout the 
pulley. The only ditference is that the force can be 
applied in a diffeient direction; hence the usefulness of 
the fixed pulley lies in its convenience only. 

Thu.s, in raising Luilding materials to the top of a houst', it is far 
easic'i* for a man at the hottoiri to pull down a rope passing over a 
pulley at the top than it would ho for a mrm at the top to hoist 
them up with a rope. 


104. In the single moveable pulley, the weiglit is 
attached to tlie block, and the effort is applied to one end 
of the string which ]>asses round the pulley, the other 
end being fixed up. 



In this arrangement, if the strings are parallel, the 
weight is double the effort and the mechanical advantage 
is 2. 

STAT. 1 
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For let P be the effort, Q the total weight to be raised 
{including the weight of the pulley itself). By taking 
moments about the point B where the fixed- up end leaves 
the pulley, we have 

QxOB = Px AB, 

Q X radius of pulley = P x diameter of pulley. 

0 = 2P, 

and mechanical advantage = 2 (2). 

This also follows from the fact that the weight is supported by the 
two pulls in the two parts of the string at At C, each of which pulls 
is equal to F. 

The single moveable pulley is much used on cranes (Fig. 96) for 
the purpose of doubling the mechanical advantage. 


105. The single-string system of pulleys.'^ — A 

greater mechanical advantage may be obtained with an 
arrangement containing a number of pulleys. Several 
such systems of pulleys ” are generally described, but 
the most practically useful system is that figured in Figs. 
98, 99, in which a number of pulleys are arranged in two 
blocks, one fixed and the other attached to the weight or 
resistance. The same string passes round all the pulleys ; 
it passes alternately round a fixed and round a moveable 
pulley, and is finally attached to one or other of the two 
blocks. 

In practice the pulleys are arranged as in Fig. 98, but it is generally easier to 
draw the diagram for an ai rangenieut like Fig. 99, in which all the pulleys are in 
the same plane. 

Mechanical advantage. — If the string be pulled with 
a force P, the pull in every part of the string is P. 
Hence, if n be the number of parts of the string support- 
ing the lower block, Q the lower weight to be raised 
(including that of the lower block and its pulleys), the n 
foi’ces P acting upwards are in equilibnum with Q acting 


* The Bingle-.string system is often called the second system of pulleys, and 
Ihe separate-string system, described in § 100, is then called the first system 
'Fhese names should be remembered in deference to some examiners, but it is more 
convenient to describe them in the present order on account of the similarity 
between the so-called tirst and third systems. 
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downwards; hence, supposing the parts of the string 
Tertical, the conditions of equilibrium give 

Q =s liP. 



In order that the effort may be applied downwards^ the 
free end of the string must hang from a fixed pulley, and 
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this is almost invanably done for convenience in working 
the system. In such cases the number n is also the total 
number of pulleys in the two blocks. 

Thus Fig. 98 represents a system with altogether 8 pullej’^s, in 
which the mechanical advantage is therefore 8. In Fig. 99, there 
are altogether 5 pulleys, and the mechanical advantage is 6. 

[It will bo found that the mechanical advantage is measured by an 
oven or odd number, according to whether the end of the string is 
finally attached to the fixed or to the moveable block.] 

Example , — To find the least number of pulleys in a moveable block 
weighing 10 lbs., in order that a weight of 120 lbs. may be lifted by 
a downward force not exceeding 28 lbs., and to find this force. 

Let n be the total number of portions of the string supporting the 
lower block, P the required effort. Then the pulls P in the strings 
have to support both the attached weight of 120 11)8. and tho block 
weighing 10 lbs. ; therefore 

?/P= 120 + 10 = 130 lbs. 

But P is not more than 28 lbs. ; therefore ^<P, or 130, is not more 
than 28 ii, or n is a whole number not less than -Uy^, that is, 4^7. 
Therefore n — b. 

Hence five parts of the string must support the lower block. There- 
fore that block must contain two pulleys, and must have the end of 
the string attached to it as well (Fig. 99). Also, putting w =*= 6, we 
have oP =s 130 lbs. ; required force P = 26 lbs. 


106. The separate-string system of pulleys^' con- 
sists of a number of single moveable pulleys like that 
described in § 104, so arranged that the string hanging 
from one pulley passes round the pulley next below, the 
other ends of the strings being attached to a fixed beam or 
other support (such as the mast of a ship), considerably 
above the highest points to which weights have to be 
raised (Fig. 100). 

The mechanical advantage may he found as follows: — 

In the single moveable pulley a force P applied to the 
string supports a force 2P applied to the block. 

Now suppose the moveable pulley, instead of being 
attached to the weight, supports a string passing over a 
second moveable pulley. Then the mechanical advantage 


The so-called fivsl syntcm. 
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gained by the first pulley is evidently doubled by the 
second, the pull 2P in the second string supporting a 
weight 4P attached to the second pulley. 

Next suppose the second pulley supports a string 
passing over a third pulley. This again doubles the 
mechanical advantage, and the system will now support 
a weight 8P. 



Fig. 100. 


In this way each additional pulley doubles the mechani- 
cal advantage of the system. By using 1, 2, 3 pulleys, 
we get mechanical advantages represented by the numbers 
% 4, 8. 

Generally, Jet there be n pulleys, and let (I denote the 
weight attached to the last pulley. Then, if we leave out 
of account the weights of the pulleys themselves, we have 

O = 

Therefore also i* sz ^ 

2 * 

and mechanical advantage = 2“ 

Examples. — (1) If there aro (/i «) 4 moveable pulleys, a force of 
{■Pm) 10 lbs. will support a weight 

( a = ) 2-*P « 2-‘ X 10 lbs. = 160 lbs. 
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(2) If there are (m * ) 3 moveable pulleys, the force required to 
sup^rt a weight ( Qs) 64 lbs. is 

(P=:) Q + 2** - 64-1.23- 64-h8 =» 8 lbs. 

107. If the weights of the pulleys have to he taken into account ^ it is 
most convenient to calculate the relation between the effort and 
weight, as in the following examples : — 

Examples, — (1) What weight can be supported by a force of 10 lbs. 
in a system of 3 moveable pulleys whose weights, beginning with the 
highest, are 1, 2, 3 lbs., respectively? 

Consider, first, the equilibrium of the highest pulley Fig. 100). 
The forces on it are the two equal pulls of 10 lbs. in the two parts of 
the string round it, acting upwards, and the weight of the pulley 
(1 lb.) and the tension of the string next below, acting downwards. 
Hence twice the pull of the first string is equal to the weight of the 
top pulley plus the pull of the second string. Applying similar 
reasoning to the other pulleys in succession, we may arrange the 
process thus : 

Pull of string round first (highest) pulley A r=r lO lbs. 
Multiply by 2 

Total force supported at At due to weight of 1 _ oa ,, 
pulley and tension of second string ) ’’ 

Subtract weight of first pulley A 1 »> 


Therefore pull of string round second pulley 5=19 
Multiply by 2 

Total force supported at 5 =» 38 

Subtract weight of second pulley B 2 


Pull of string round third pulley C 
Multiply by 


« 3G 
2 


Total force supported at C ~ 72 

Subtract weight of third pulley C 3 


Required weight supported by system = 69 lbs. 

(2) What force is required to support a weight of 13 lbs. in a 
s^^stem of four moveable pulleys whoso weights, commencing with the 
highest, are 3, 5, 7, 9 lbs., respectively? 

Here we are given the weight, and have to find the effort. Hence 
the process is the reverse of that of Ex. (1). We must be^ with 
the lowest pulley. Adding its weight (9 lbs.) to the attached weight 
(13 lbs.), we have the total weight supported by the two parts of the 
string round the lowest pulley, and, since the pulls in these two parts 
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are equal, each is half the total weight. Applying similar reasoning 
to each pulley, we may arrange the process ns follows, the steps being 


those of Ex. (1) work^ backwards : — 

Weight == 13 lbs. 

Add weight of lowest pulley 9 ” 


Total force supported by strings round lowest pulley « 22 »• 
Dinde by 2. 

pull of string round lowest pulley =11 ^ 

Add w’eight of next pulley 7 »» 


2 ) 18 


pull of string round next pulley - 9 m 

Add weight of third luilley from bottom /i » * 

2 1 U M 


pull of strincr round third pulley from bottom =* 7 >» 

Add weight of top pulley ^ ’ ’ 

2 ) 10 

pull of string round the top pulley 
That is, the required force 

*108. The inverted separate - string 
system of pulleys,* in which the strings 
are all attached to the weight, is rnerely 
the system last described ff.e., the “first ”) 
turned npside down. In the separate- string 
system, the strings were all attached to 
the supporting beam, and the lowest pulley 
supported the weight. In the present 
system, the strings are all attached to 
the weight, or rather to a rod carrying 
the weight, and the uppermost pulley fixed 
to some support. If Fig. 100 bo turned 
upside down (the fixed pulley being omitted), 
it will present a similar appearance to 

Fig. 101. 

* The so-called third mjstem. Thi.s system is practically useless (see § 110). 


= 5 lbs. 
r, lbs 



a-yp 


Fig 101. 



120 


STATICS. 


The mecliaxiical advantage (when the weights of the 
individual pulleys are neglected) is easily deduced from 
this property. Let R be the pull which the system exerts 
on its support, Q the weight, P the effort, and let there 
be n pulleys. By inverting the system or otherwise, we 
see that the total forces supported by the several pulleys, 
commencing with the lowest, are 2P, 4P, 8P, &c. ; thus 
R in this present system corresponds to the weight in the 
last system, and therefore R = 2”P. 

N^ow consider the equilibrium of the w'hole system, 
consisting of the weight and the pulleys. The forces 
acting on it are Q and P pulling downwards and a reaction 
equal and opposite to R holding the system up. Hence, 
since these forces keep the system in equilibrium, there- 
fore R ■=^ F+ Q. 

Q = p-p = 2"P-P = (2'*-l)P, 
and mechanical advantage = == 2"— 1 ...(5). 

OrsEuvATiON. — The pulls of the strings, beginning with the lowest, 
arcj P, 2P, 4P, 8P, ... 2’*-^P, and, since those support the weight Q, 
wo have « P(1 + 2 4- 4 + 8 + ... + Now 1 + 1 = 2 ; therefore 

l^l + 2-=2 + 2=4; therefore 1 + 1 + 2 + 4 = 4 + 4== 8 and so on ; 
therefore 1 + 1 + 2 + ... + 2"”* = 2"~^ + 2'*“* = 2x2”“^ = 2" or 
1 + 2 f 4 + ... + 2”-' = 2»— 1, giving Q = (2»“ 1) P, as above. 

Example. — To find the number of weightless pulleys, having 
given that a force of o lbs. supports a weight of 75 lbs., and all the 
strings being attached to the weight. 

Here the pull on the beam supporting the upper pulley 
— 75 lbs. + 5 lbs. = 80 lbs. 

Now 80 = 5 X (2 X 2 X 2 X 2), and, since the total pull is doubled by 
each pulley, the number of pulleys must be 4. 


109. If the iveifjhts of the palleys are ial'en into aecomit.^ proceed 
as follows : — 

Examples . — (1) To find the weight which cfin be lifted by a force of 
10 lbs. in a system of three pulleys, the weights of the lowest and next 
pulleys being 3 and 5 lbs.,* and the strings all being attached to the 
weight. 


* Bince the upper pulley is ^cci, its weight does uot enter into the relation 
bet ween P and W. 
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Here the pulls in the two parts of the lowest string are each 
10 lbs. The next string above has to support these pulls, and also to 
support the iveight of the lowest pulley, viz., 3 lbs., and so on; hence 
the process stands thus : 

Pull of lowest string =10 lbs. = 10 lbs. 

Multiply by 2 

20 »» 

Add weight of lowest pulley 3 - » 

. pull of second lowest string = 23 >» = 23 

Alnltiply by 2 

40 > » 

Add weight of second pulley ’> »» 

.-. pull in last string a» f)! »» =61 »> 

Required weight = sum of pulls of strings = 84 lbs. 

(2) To find the force required to support a weight of 112 lbs. in 
the system of Ex. (1). 

Let 7-* be the force. Proceed, as in Ex. (1), thus : 

Pull of lowest string = J* ■= P 

2 

22^ 

3 

Pull ill second lowest string = 2P-f 3 — 2P + 3 


4P+r> 

6 

Pull in last string 4P+ 11 - 4P + 11 

weight supported =- 7P+14 
7P+14 = 112. 

.*. required force P = 14 lbs. 

110. Uses of the various systems of pulleys.-— 

The single-string system, with the pulleys arranged in 
two blocks, as in Fig. 98, i.s by far the most important 
system for practical use, because with it weights may be 
raised till the two blocks come together, i.e., nearly up to 
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the level of the supporting beam or crane, or lowered till 
all the string is paid out. 

The separate-string system gives a greater mechanical 
advantage with the same number of pulleys, for each addi- 
tional pulley doubles the mechanical advantage instead 
of merely increasing it by unity. But it requires the 
strings to be attached to a point considerably above the 
highest point to which weights have to be raised, for 
when the top pulley is drawn up as high as it will go 
the weight will still be a considerable distance below the 
support. ‘ By attaching the strings (or rather ropes) high 
up on the mast of a ship, the system may be used, and is 
actually so used, for raising cargo from the hold up to 
the deck. 

The inverted separate-string system, or “third system,” 
is of no practical use whatever, for it is found that the 
strings are almost certain to get hopelessly entangled, 
even in the few working models that are constructed for 
the lecture- room. 

[This system seems to liave been originally introduced into text-books and 
examination impcns r»n account of its being a convenient, subject for problems 
illustrating the summation of a geometrical progression. 

Oencrally speaking, calculations taking account of the weights of the 
pulleys are of theoretical rather than practtcal interest, because the weights 
of the .strings and the friction (wliich are not taken into account) are actually 
quite as important as the weights of the pulleys.] 

111. Man raising himself with a system of 
pnlleys. — When a man, sitting in a loop or seat sus- 
pended by any arrangement of pulleys, pulls himself up, 
the rope which he pulls will support part of his weight, 
and only the remaining part of his weight will have to be 
supported by the system. 

Examplca . — (1) Consider a man of weight Jr raising himself by 
pulling II rope passing over a Jixed pulley with a force P. The 
man’s weight is really supported by the pulls P in two parts of the 
rojie — the part where he pulls and the part supporting the loop. 
Hence^ the condition of equilibrium gives JT = 2P; 

or the man pulls with a force of half his weight. 

(2) If the man pulls a rope which passes over a fixed pulley and 
under a movable pulley supporting the loop, there are three portions 
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of the stri^ supporting his v eight, inclusive of the one that ho is 
pulling. Hence the relation between the pulling force P and tho 
weight is TT =» 3P, or P = ^ so that the man pulls with a force 
of third of his weight. 

Generally, suppose that a man is pulling himself up by 
applying a force P to a ropo passing round a system of 
pulleys or a wheel and axle, in which P will support a 
weight nP. Then, since the rope he pulls also helps lift 
him up with a force P, the total weight supported must 
be nP + P or (n-f 1)P. Hence 

mechanical advantage = (^) ; 

instead of being n, as it would be f(U' n man standing on 
the ground and raising a weight. 

112. Applications of the Principle of Work, — We 

shall now apply the Principle of Work to find the relations 
between tho effort and weight in the various systems of 
pulleys, and shall, at the same time, take separate account 
of the weights of the pulleys. 

In order to make a distinction between formulas wliicdi 
do not and those which do take account of the weights of 
the separate pulleys, the weight raised has been denoted 
by Q in the former, and will be denoted by TF in the 
latter, formnlfe. 


113. The single moveable pulley. — Lot the pulley 
(weight w) and its attached weight TF be raised through 
a height h [say, for argument, 1 in.]. Then the portions 
of string on the two sides of the pulley will each 
have to be shortened by h ; hence the end of tlio string 
at which P is applied must move through a distance 2h 
. [2 ins.]. Since 

sum of works done against TF, lo = work done by P ; 

Wh-^'tvh = P X 2/i, 

or U'+ii? = 2P (7)i 

the required relation between TF and P. This agrees 
with (2) on writing Q =r W-^w. 
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114. The aingle-string system. — Let there be n 
strings from which the lower block of pulleys hangs. If 
the effort P lifts a weight TF, hanging from a moveable 
block of weight through a height each of the n por- 
tions of string will have shortened by an amount A, and 
so P will have to pull the end of the string down through 
a distance nh. By the Principle of Work, therefore, 

Wh + wli = nPh. 

IF+if’ = nP (8), 

the required relation between W and P, which agrees 
with (3) on writing Q = W 


*115. The separate-string system. — Lot Wy be the weight of 
the pulley supporting the weight //'; let ... be the weights of 

the pulleys next above. If 7/" is drawn up through a height //, then 
the lowest pulley will rise through the next above will rise 
through 2/i, the next through 4//, and so on ; and if there arc n 
moveable pulleys the force P will move its i)oint of application through 
a distance 2’*//. 

Therefore, by the Principle of Work, 

P X 2'7; = Ji 7i + tvi?i + 2 w’o// + 4L^v.^7{ + . . . + 2" " ’ v'J < , 
or 2'*P = ir+tVi ^2 U 2 + 4w^ + + 2” * ^ ; 


or again 



+ 


2«-i 


+ 









(9). 


* 116 . The inverted separate-string system.— In the system 
of 5 115, when the weight rises through a height /#, the various pulleys 
rise through distances /<, 2A, 4h, ... 2'**^/*, and the* point of application 
of P through 2“A. Hence their diUnncefi from the weight tv increase by 
amounts 0, (2-l)/«, (4 — 1)7/ ., (2'*-^ — 1) //, (2'* — 1) //, respectively. 

Now turn the system upside dowm ; fix the pulley that previously 
supported th(i weight, and attach the wtjight to the beam that was 
previously fixed. We now get the “ third ” system, and we see that 
when the weight rises through ft the pulleys, beginning with the top, 
descend through distances 0, (2—1)7/, (4— 1) ^ ... (2'*“' — 1 ) ^, and 
the point of application of P through (2'‘— 1) h. Hence if /Co, , 
are the weights of the pulleys, the Principle of Work gives 

irA = + 07/ + X 7/ + Wg X 37/ + x 77/ + . . . + 

x(2»-1-1)7/ + Px(2»'-1)7/, 

or IF= (2»-l) j-+*«»2+3if3+7#r4+...(2«-*-l)tf/„ ... (10). 

the required relation connecting P and W. 
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Summary of Results. 


In fixed pulley, 

Q = P, mech. advantage ilf = 1 ... (1). (§ 103.) 

With a single moveahle pulley , 

Q = 2P, 3f = 2 (pulley light) ... (2), (§ 104.) 

= 2P (pulley heavy) ... (7). (§ 113.) 

The second^' system is single string system, pulleys in 
two blocks. With n pulleys and string hanging from 
upper block, 

Q = wP, M =: n (pulleys light) ... (3), (§ 105.) 

W IV = nP (pulleys heavy) ... (8). (§ 114.) 

The “ /zrs/ ” is the separate string system, with strings 
tied up to fixed support. With n moveable pulleys, 

Q = 2’*P, M = 2« (pulleys light) ... (4). (§ 106.) 

TF-+- -h 2w2 + . . . + 2'* ' = 2”P (pulleys heavy, lowest 

... (9). (§ 115.) 

The third'* is the previous system turned upside 
down, strings all attached to weight. 

Q = = (2’‘~1) P, M = 2”-l (pulleys light) 

... (5). (§ 108.) 

W=(2'‘-l)P+w, + ‘Sw,+ ...(,2’‘-'-l)w„ 

(pulleys heavy, lowest m?„) ... (10). (§ 116.) 

For man pulling himself up, mechanical advantage is 
increased by unity (6). (§ 111.) 
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EXAMPLES VIU. 

1. Find the ratio of the power to the weight in that system of 
pulleys in which each moveable pulley hangs by a separate string, 
the number of moveable pulleys being 4. 

If the weights of the pulleys be taken into account, and are 
1, 2, 3, and 4 lbs., respectively, begfinning with the highest, find 
what power will support a weight of 294 lbs, 

2. Find the ratio of the power tp the weight in that system of 
pulleys in which each string is attached to the weight, the number of 
moveable pulleys being 4 . 

If the weights of l^he moveable pulleys be taken into account, 
and are 1, 2, 3, and 4 lbs., '.respectively, beginning with the lowest, 
find what power will support a weight of 4^ cwt. 

3. If there are 4 pulleys in the third system, and each weighs 
2 lbs., what weight can be raised by a power equal to the weight of 
20 lbs. ‘r 

4 A man weighing 15 stone, holding th(‘ bar to which the strings 
are attached in the third system of pulleys, can just raise a child 
weighing 1 stone, holding on to the last string. How many pulleys 
are there \ 

\ 

5. If there be thre^ Woveablo pulleys, each of mass 1 lb., in a 
system in w’hicb all the strings are })arallel and are attached to the 
weight, and the force required to support a pertain weight is half that 
which would be required if the pulleys were weightless, find that 
weight. 

6. Is it more advantageous in raising a weight by (i.) the first 
system, (ii.) the third system, of pulleys, to have the pulleys heavy or 
light? 

7. If in a system of pulleys in which each hangs by a separate string 
there he three pulleys, each of mass lib., and the power required to 
support a certain weight is twice that which would be required if these 
pulleys were weightless, find that weight. 
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8. Being given four weightless pulleys, find the greatest weights 
that can be supported by a force of 1 lb. when the pulleys are arranged 
as in the first, second, and third sj’stems, respectively, in such a way 
that the effort is applied doicmvarth. 

9. If in Ex. 8 the effort of 1 lb. had to be applied upwards, what 
would be the weights lifted in the corresponding arrangements 

10. In the first system of pulleys, find from first principles the' 
power necessary to support a weight of 4000 lbs. when there are four 
moveable pulleys. Find also the pull of each rope on the beam ; and, 
if the sum is not equal to the weight, explain the difference. 

11. If a man whose weight is 10 stone supports 2 cwt. by a blocik- 
and-tackle, there being 3 pulleys in the block, what is the pressure 
on the floor on which the man stands, and what the i)re88ure on tho 
beam to which the upper pulley -block is attached ? 

12. In the system of pulleys in which each pulley hangs by a 
separate string, how would you find experimentally the relation 
between the tension of any string and that of the string next above it ? 

13. Two bodies connected by means of a string passing over a smooth 
pulley touch each other at one point ; show that the stress between 
them cannot be horizontal unless their weights are equal. 

14. A man weighing 10 stone suppoi'ts a weight of 91 lbs. by 
means of 3 moveable pulleys arranged in tho first system and weigh- 
ing, respectively, 2 lbs., 4 lbs,, 5 lbs. What is the thrust of the man 
on the ground ? 

15. Apply the Principle of Energy to prove that in a system con- 
sisting of three very light pulleys, of which the first is fixed aud eac;h 
of the others is supported hy the string of the preceding one, the strings 
being all parallel and all attached to the weight IF, tho downward 
acceleration of this weight, when the power F is not sufficient to 
balance it, is 

W^TF 

jr+49P^' 
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COUPLES.— MACHINES : THE SCREW. 

117. A couple consists of two forces of equal magni- 
tude acting inopposite directions along two parallel straight 
lines (§76). A couple cannot keep a body in equilibrium , 
for it tends to rotate the body : the points of application 
of the two forces of the couple tending to move in opposite 
directions (§ 51). At the same time, the proof that two 
parallel forces have a single resultant fails for the case of 
a couple (§ 75). 

Examples of couples . — In winding a clock we apply a couple to the 
key, for we do not try to make it move to one side or the other, hut 
simply turn it round. To spin a small top between the finger and 
thumb, we apply a couple to it by moving the finger and thumb 
sharply in opposite directions. To open a door we apply a maple to 
the handle. 


118. Resultant of two parallel forces which nearly form 
a couple. — Consider the resultant of two unlike parallel forces which 
are very nearly, but not quite, equal. Let 1\ Q be two such forces 
acting at >1, B, and let F> Q. If Ji be the resultant of J* and Qy 

a = 


therefore, if Q is nearly equal to P, E is very small. 

Also, if C be the point whore 
the resultant meets AB pro- 
duced. 


Pi 


AC R — BA y. P. 

A 

P 

,P^Q 




BA = AC y 


ACy^ 


Fig. 102. 


.1 


Since -P— Q is small, therefore BA is small in comparison with AC ; 
hence >I£? is large in comparison with BA. Hence the resultant acts at 
a great distance from the line of action of either force. Writing the 

P 


last equation, 


AC — BA y 


P^Q' 
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we see that, if Q = P, the denominator becomes zero, and becomes 
infinitely great. 

Hence t(;Aen two unlike parallel forces approach eqnalif}/, and finally 
become equals their resultant becomes infinitely small, and its line of action 
moves to an infinitely great distance frmn the componenfs. 

For this reason it is convenient to consider tho properties of 
couples apart from those of other systems of forces. 

119. Definitions. — The arm of a couple is the perpen- 
dicular distance (^AB. Fig. 103) between the lines of action 
of its two components (t.o., the two forces forming the 
couple). 

The moment of a couple is the algebraic sum of the 
moments of its two components about any point in their 
plane. 

The following is the fundamental property of couples : — 

120. The moment of a couple is the same about 
all points in its plane. 

Let the couple consist of two equal and opposite forces 
P, — P at ^ and A, Let 0 be any point in their plane. 
Draw OAB perpendicular to the forces. 

P 

A 

Fig. 103. 

Then, if 0 does not lie between A and B^ as in Fig. ] 04, 
we have 

algebraic sum of moments of forces = P . OB — P OA 

= Pi0B-0A)=:JP.AB. 

If 0 lies between A and B, as in Fig. 105, we have 
algebraic sum of moments = P .OB 'hP .AO 

= PiA0 + 0B) = J\AB. 

Hence the moment of the couple about 0 is independent of 
the position of 0 and is equal to the product JP .Ad. 

STAT. K 


P 

I 

B 

P 

Fig. 104. 
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121. Cob. Alternative expressions for the moment 
of a couple. 

' The moment of a couple may therefore be defined as — 

(i.) The product of the measure of either force into the 
arm of the couple. 

(ii.) The moment of either of the two forces about any 
point in the line of action of the other force. For 

moment = P x AB = moment about A of F acting at B. 

122. A couple cannot be replaced by a single finite re- 
sultant force. 

For the algebraic sum of the moments of two forces about any 
point on the line of action of their resultant is zero (§ 67). But the 
sum of the moments of two forces forming a couple about every 
point in their plane is a constant quantity, not zero. 

Hence such forces cannot have a resultant. The same thing also 
follows from § 118. 

^123. A force, actinia at any part of a body, is 
equivalent to an eqnal and parallel force acting at 
any other point together with a couple. 

Let P be a given force acting at any 
point 0 ; to show that it is equiva- 
lent to an equal and parallel force P, 
acting at any other point A^ together 
with a couple. 

Introduce two equal and opposite 
forces P, — P, acting at A, numeri- 
cally equal and parallel to the force 
P at 0. 

The effect of these forces will be to 
neutralize one another. 

But the forces P 0 and —P at A form a couple 
whose moment (about A) is equal to the moment of the 
original force P about A. 

Thus the original force P at 0 is equivalent to this 
couple and a parallel and equal force P at A. 


p 

Fig. 106. 
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124. Two couples in the same plane whose mo- 
ments are equal and opposite will balance one 
another. 

Let one of the couples consist of two forces P, — P 
acting on the arm AB^ and let the other couple consist of 
forces Q? — Q acting on the arm CD» 

Suppose, firstly, that P and Q are not parallel. Then 
the lines of action of the four forces must form a parallelo- 
gram abed. 



Since the moments of the couples are equal and oppo- 
site, and 6 lies on one of the forces of either couple, 
therefore the moments about 6 of P and Q acting along 
ad and cd are equal and opposite. 

Therefore the resultant of P and Q at (/ passes through 
h, and therefore it acts along bd. 

Similarly the resultant of — P, — Q at 6 acts along db. 

But the latter resultant is equal and opposite to the 
former, for the two components of the latter are respect- 
ively equal and opposite to those of the former. 

Hence these two resultants balance each other, and 
therefore the four forces forming the two couples are in 
equilibrium. 

To extend the proof to the case where the forces composing the two 
couples are parallel, it is only neoessary to introduce two equal and 
opposite forces in a straight line, intersecting the forces P, — P of one 
of the couples, and to compound one of these forces with P and the 
other with — P. We thus get a couple equivalent to the original one 
and of equal moment, but its component forces intersect those of the 
second couple ; hence the above proof applies. 
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^125. A couple acting on a rigid body may be 
replaced by any other couple of equal moment 
acting on the body in the same plane without 
altering its effect. 

Let M be the moment of the given couple. Apply two 
couples of equal and opposite moments — M to the 
body anywhere in the plane of the first couple. These 
balance each other, and do not therefore affect the body. 
Now combine the first and third couples. These also 
balance each other, since their moments (If, —ilf) are 
equal and opposite ; therefore they may be removed. We 
are thus left with the second couple of moment M as the 
equivalent of the first. 

Cor. From this result we see that a couple has no particular 
position of application, but that it may be shifted anywhere in its 
plane without altering its statical effect. The effect of the couple 
depends therefore only on its moment and the plane in which it acts. 

Observation. — The above proof is identical in its reasoning with 
the proof of the Principle of the Transmission of Force. The present 
theorem may therefore be called the Principle of the Transmission (or 
Transmissibility) of Couples. 

’*126. To compound two coplanar couples into a 
single resultant couple. — Let the couples consist of 
the forces (P, — P) and ((^, —Q) (Fig. 106), and let their 
lines of action be produced, if necessary, so as to form a 
parallelogram abcd. 

Let P be the resultant of P and Q acting at d. 

Then the resultant of — P, — Q acting at 6 is evidently 
an equal and opposite force — P, parallel to P. 

The forces P at rf and ■— P at 6 form a couple which is 
the required resultant of the two couples (P, —P) and 

(Q, -Q). . 

Since P is the resultant of P, Q acting at (/, 
moment of P about b 

= algebraic sum of moments of P, Q about 6. 

But 6 is a point on the line of action of the forces — P, 

Qt P- 

Therefore the moments about b are the moments of the 
respective couples, and 
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/. moment of resultant couple 

= algebraic sum of moments of its component couples. 

Cor. Any number of coplanar couples are equivalent to a single couple 
whose moment is the algebraic sum of their moments. [For compound 
the couples together two at a time, &c.] 

127. Any number of ooplanar forces are equivalent 
eitlier to a single force or a couple, or are in equilibrium. 

Any two forces not forming a couple can he compounded together J 
and three or more forces cannot each form couples with all the others, 
for they cannot all be unlike. Therefore two of them must be 
capable of being replaced by a single force, and this process can be 
repeated until there are only two forces left. Those either have a 
single resultant or form a couple or balance. 

128. The screw. — Every one is familiar with a screw. 
It consists essentially of a cylindrical bolt OAf, whose 
surface carries a thread or has a groove cut in it along a 
spiral curve. The form of this spiral can easily be con- 
structed by taking a strip of paper with a straight edge, 
and wrapping it round a pencil in a slanting direction ; 
the edge forms the curve like that along which the thread 
or groove runs. 

The screw works in a collar or nut C, through which a 
hole is bored, having a groove to fit the thread or a thread 
to fit the groove of the screw. 

When the screw turns in a 
fixed collar, it moves forward 
in the direction of its length. In 
each turn of the screw, the dis- 
tance moved forward is equal to 
the distance between consecutive 
threads : ^.e., the distance DE be- 
tween two consecutive turns of 
the thread, measured along the 
length of the holt. This distance 
is called the step. Hence, by turn- 
ing the screw round, it may he 
used to raise weights or overcome 
resistances applied to its end. Fig. 107 
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The effort must tend to 
turn the screw, aud must 
therefore have a moment 
abont OM in a plane perpen- 
dicular to OM. Hence the 
effort may be a single force 
P applied at the end of a 
long arm OA, projecting at 
right angles to OM. More 
often the arm projects in 
both directions, as in the 
common screw press of Fig. 
108, and two equal and 
opposite forces constituting 
a couple are then applied 
extremities Aj B. 



Fig. 108. 

perpendicularly to its two 


129. To find the mechanical advantage of a screw 
working without friction. 

Let the effort P be applied 
perpendicularly at the end of 
an arm OA of length u, and 
let it overcome a resistance 
Q acting along the axis OM. 

Let b be the “step’' or dis- 
tance between two consecu- 
tive threads. Then, if the 
screw makes one complete 
turn, A the point of applica- 
tion of P will describe a circle 
of radius a about 0, and will 
therefore move through a 
distance in the direction 
of P.* Also the screw will 

move through a distance h against the resistance Q. 

* As the screw mo\es forward alonjj its axis OM, A really describes a spiral and 
not a circle ; but, since P acts perpendicular to OM, the forward motion contributors 
nothing to the work done by P, which is therefore Px2iro. 
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Therefore, since 

work done by P = work done against Q, 
we have F x 27ra = Q x 

mechanical advantage ~ (1) 

— circumference of circle described by the arm 
step of screw 

Cor. 1. Since the moment of P is P x a, we have 
moment of P = Q x ~ . 

^ 27r 

If the quantity hj^Tr be called the pitch of the screw* 
then moment of effort = (resistance) x (pitch) ... (2). 


Colt. 2, By the Principle of Moments the effort F may be replaced 
by any other force or couple whose moment tending to turn the screw 
is the same. If two forces F act in opposite directions at the ends of 
an arm AB of length 2a fixed at its middle point to the screw, the 
moment of the couple thus formed = 2Fa^ and therefore 
2Fa = Q X ft/27r, 

a relation easily verified by the Principle of Work. This shows that 
the effect is the same as if the two forces F were both applied at one 
end of the arm, forming a single force 2F. 


Example . — A screw press is turned by applying forces of 21 lbs. in 
opposite directions to the ends of an arm 2 ft. long. If the step is 
i in., to find iu lbs. per sq. in. the pressure produced over the area of 
a circular piston 1 ft. in diameter. 

Let Q be the total resistance. Then in one revolution of the screw 
the works done by the efforts and against Q are 

2 X 21 X 27r . 1 ft. -lbs. and Q x ^ x -L ft-]i)s. 

= 847r, or Q = 96 x 84ir. 

Also area of piston -= ir (radius)- = ir . 6- = 36ir sq ms. 

• 1 Q 96 X 84 n 

required pnissiire = — = = 224 lbs. pt r sq in. 

36 TT 36 

— 2 ewt. per sq. in. 


♦ This is the (lelliiitioii of “ pitcli ” used by Sir Robert Ball in In') ‘ Theory of 
ScrovV'i,” and now i;eueially adopted, altliou<5li in a number of books before u.s we 
find no less than ihvcp, dnferent delinitions of intrh. 
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Summary op Results. 

Oouple = two equal unlike parallel forces. (§ 117.) 
Moment of couple 

= algebraic sum of moments of its forces about any point 
in its plane (§ 119.) 

= moment of one force about point on the other (§ 121.) 
= P . AB (where P = either force, AB = arm). (§ 120.) 

Principle of transmission of couples. — A couple may be 
replaced by any other couple of equal moment. (§ 125.) 

Resultant of two or more couples is couple whose 

moment = sum of moments of components. (§ 126.) 

For a smooth screw., mechanical advantage 

M or o f circl e described.^^ P 

P h distance between two threads 

...(1). (§129.) 

moment of P h step 

== ^- = = pitch of screw (2). 


EXAMPLES IX. 

1. MTien a force arid a couple act in the same plane on a rigid 
body, find their resultant. 

2. Draw a square ABCD and its diagonal AC. Two forces of 
10 units act from A to B and from C to D respectively, forming a 
couple; a third force of 15 units acts from C to A. Find their 
resultant, and show in a diagram exactly how it acts. 

3. Prove that a couple can bo moved parallel to itself without 
altering its effect. 

4. State (without proof) the conditions that must be satisfied in 
order that two couples may balance. Give a practical illustration of 
two balancing couples in different planes. 



COUPLES. — MACHINES : THE SCREW. 


137 


5. Forces P, Qy R act along the sides of a triangle ABO from B to C, 
C to Ay and A to By and are proportional to the lengths of the sides 
along which they act. («) Show that they form a couple, and find its 
moment ; (i) find their resultant when the direction of one of them 
(P) is reversed. 

6. Forces P and Q act at A, and arc completely represented by AB 
and ACy sides of a triangh* ABC. Find a third force P, such that the 
three forces together may ho equivalent to a couple whose moment is 
represented by half the area of the triangle. 

7. The distance between two consecutive threads of a screw is 
i in., and the length of the power arm is 5 ft. What weight will be 
sustained by a power of 1 lb. ? 

8. If a power of 10 lbs. acting on an arm 2 ft. long produces in the 
screw press a thrust of one ton weight, what is the step” of the 
screw Y 

9. The arm of a screw-jack is 2 ft. long, and the screw rises 2 ins. 
when it is turned round nine times. What force must be applied to 
produce a thrust of half a ton weight 

10. Express the work done when a moment Jfhas rotated »/ times. 
If a force equal to the weight of 10 lbs. revolve three times tangemti- 
ally round a circle of 5 ft. radius, find the work it would do. 

11. Show that any number of couples applied to a rigid body in 
one plane are equivalent to a single couple whose moment is tho 
algebraic sum of the moments of the individual couples. 

12. Forces act along the sides of a polygon, and are represented 
completely by those sides taken in order. Show that they arc 
equivalent to a couple whose moment is measured by twice the area 
of the polygon. 

13. In a weightless straight lever of the first order, show that in 
the case of equilibrium the power, the weight, and the reaction of the 
fulcrum form two unlike couples of equal moments. 

14. A screw is formed upon a cylinder whose length is 1 ft. and 
circumference 3 ins. How many turns must be given to the thread 
in order that a power of 4 lbs. weight, applied tangcmtially at the 
edge of the cylinder, may support a weight of 2 cwt. ? 
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EXAMINATION PAPER IV. 

1. State the principle of Work, and apply it to find the relation 
between the effort and weight in the single-string system of pulleys, 
the strings being parallel and the number of pulleys «. 

2. What is meant by a couple in Mechanics h Find the condition 
that two couples which act on a rigid body should equilibriatc each 
other. 

3. Prove that the mechanical advantage of // pulleys arranged in the 
separate-string system is 2”, and arranged in the “third” system is 
2” — 1 ; and draw the figure with five pulleys. 

4. In the first system of pulleys, what weight will a power of 
80 lbs. support if there are three moveable pulleys whose weights are 
2, 3, and 4 lbs., respectively, the lightest being highest ? 

5. Find the relation of the power to the weight in the screw, 
neglecting friction. 

f). In a scrcw-press a power equal to 16 lbs. weight, acting on an arm 
3 ft. long, produces a pressure of half-a-ton. What is (i.) the 
“ step,” (ii.) the pitch, of the screw 't 

7. Explain why a rod which will support a considerable tension 
can be broken comparatively easily by being bent. 

8. What is the resultant of a force of 4 lbs. weight and a couple 
with an arm 2 ft. long and forces 3 lbs. weight ? State its position 
clearly with reference to the 4 lbs. force. 

9. In the second system of pulleys, if a weight of 3 lbs. supports a 
weight of 15 lbs., and a weight of 5 lbs. supports a weight of 27 lbs., 
what is the weight of the lower block, and what would the mechanical 
advantage be if the lower block was weightless h 

10. In the second system of pulleys, what must bo the relation 
between the radii of the pulleys at the lower block in order that they 
may all be grooved in the same piece r 



PART III. 


GENTBES OF GRAVITY. 


CHAPTER X. 


CENTRES OF PARALLEL FORCES. 

130. Method of finding the resultant of coplanar 
parallel forces. 

When a number of parallel forces tiv.i on a rigid body, 
it would of course be possible to find their resultant by 
compounding two of them into a single resultant, then 
compounding this resultant with a third, and so on. But 
if the forces all act hi the same plane, the same thing can 
be done more easily by writing down the equations which 
express the facts that — 

(i.) The magnitude of the resultant equals the algebraic 
sum of its components (.see § 131, below); 

(ii.) The moment of the resultant about any }><,int equals 
the algebraic sum of the moments of its compone'nfs. 

The point about which moments are taken may be 
chosen anywhere in the plane of the forces, but some 
points (very often one point) are generally more con- 
venient than others. But it is important to notice that 
the final result is the same whatever' point is chosen. 

As it is advisabh^ to assume principles rati n r than 
formulse in all calculations, we subjoin the following 
example before giving a general investigation : — 
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Example . — Weights of 4 lbs. and 12 lbs. are attached to the ends 
of a uniform rod, 14 ft. long, weighing 12 lbs. To find the point at 
which it must be supported in order to balance. 

The three forces on the rod are 4 lbs. and 12 lbs. acting at its ends, 
and its weight 12 lbs. acting at its middle point, 7 ft. from either end. 



Fig. 110. 


The magnitude of their resultant = 12 + 12 + 4 lbs. = 28 lbs. 

The required point 0 is the point at which this resultant cuts the 
rod, and may be found in either of the following ways : — 

(a) By taking moments about the end at which the 4 lbs. acts. 
Let the distance of 0 from this end be x ft. Then the equation of 
moments gives 2S .x =4,0 + 12.7 + 12.14 = 252. 

.*. a; = 9 ft., 

or the support is 9 ft. from the weight of 4 lbs., and 6 ft. from the 
other end. 

(^) By taking moments about the other end. Lot the distance of 
from that end be g. Then 

28 . y = 12 . 0 + 12 . 7 + 4 . 14 = 140. 

.-. y = 6 ft., 

or the support is 5 ft. from the 12 lbs. weight, agreeing with {a). 

{c) By taking moments about the middle point. Let the distance 
of 0 from the middle point be Then 

28. c = 12.7 + 12.0-4.7 = 56. 

.-. c = 2ft. 

Hence the distances of 0 from the ends are 7 + 2 ft. and 7 — 2 ft. ; 
i.e.y 9 and 5 ft., agreeing with {a) and {b). 

{d) By taking moments about 0 itself. Let its distance from the 
middle point be z as before. Since the resultant passes through Ot it 
has no moment about 0. Therefore 

0 = 12.(7-5:)-12.2-4.(7 + z) 

.-= 84 -12ir- 122-28-42; = 66-28a; 
giving z = 2 ft., 

agreeing with {e). This last method does not require us to first find 
the magnitude of the resultant, but no material advantage is thereby 
gained. 
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131. To find the resultant of any number of given 
parallel forces ••• acting in one plane. 

Let Pj, Pg, Pjj, . , . denote the given forces both in magni- 
tude and algebraic sign. Draw any line OAiA^A^ ,,, X at 
right angles to the forces. On it take any point 0, the 
distances OAi, OA^ being known. 

(i.) To find the magnitude of 
the resultant. 

The resultant of P^ Pg is a 
parallel force of magnitude Fig. 111. 

P^ + Pj; the resultant of this 

force and P^ is therefore P^-f P^ + Ps; and so on. Hence 
the final resultant is a parallel force P, such that 

JK = Pl-|-P2-hP8+ (1) 

= algebraic sum of the forces. 



(ii.) To find the position of the resultant P. 

Let it cut OX in a point G, the position of which is 
unknown. Since the moment of the resultant is equal to 
the algebraic sum of the moments of the components, 

.-. B .OG ^ F,,OA,+R,,OA.,+I\.OA^ + . 

Hence OG = ^ 

P ^ 

or ^Q_ r,.OA,+P,.OA,+r,.OA,+ ... 

P i"!" F .2+P3+.., 

Equations (1), (2) determine, respectively, the magni- 
tude and position of the resultant. 

If Xxf X2, ^3, ... denote the known distances of the component forces 
from 0 , and x the required distance of their resultant ; equation (2) 

becomes a, = ( 2 <,). 
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132. Sqnilibrium of a loaded beam resting* on two snp- 
ports. — a beam is loaded with gfiven weights placed at given 
points, and rests in a horizontal position on two props, it is often 
necessary to determine the thrusts supported by the props, or, what 
amounts to the same thing, the reactions of the props on the rod, 
which are equal and opposite to these thrusts. 

These reactions, together with the weights on the beam, form a 
system in equilibrium, and therefore the sum of the moments of this 
system about any point is zero. 

But we want to find the reactions one at a time, and therefore 
proceed as follows : — 

(i.) Take moments about one of the props. The reaction of that prop 
has no moment, and therefore the equation of moments at otice gives the 
reaction of the other prop. 

We might now find the reaction of the first prop by taking moments 
above the second, but an easier plan is to 

(ii.) Equate to zero the algebraic sum of the forces [including the two 
reactions). The equation gives the sum of the reactions, and hence the 
other requh'ed reaction. 

Example. — A uniform rod, 12 ft. long, weighing 20 lbs., has weights 
of 12 lbs. and 4 lbs. attached to its ends, and 8 lbs. attached at a 
distance of 4 ft. from the 4-lb, weight. It is placed on two props, 
8 ft. apart, so that the end with the 4-lb. weight projects 1 ft. To 
find the reactions of the props. 

In Fig. 112, let M, N be the props, and let their reactions be R lbs. 
and S lbs., respectively. 

Let G be the middle point of the rod at which its weight 
(20 lbs.) acts. 


B 


iZlhs 


IL 


S 


-H- 

noils 
Fig. 112. 


I 

it 


i 


(i.) Taking moments about we have ^ 

S . MN ^12 , MB^20 , MGS . MC + ^ , AM = 
or 85 = 12.11 + 20.5-1-8.3-4.1 

= 132 + 100 + 24-4 = 252 ; ( 

S = 31J lbs. 


0 , 


whence 
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(ii.) Again, since the sum of the upward forces is equal and oppo- 
site to the sum of the downward ones (or the algebraic sum of the 
forces is zero), 

7i* + 5-12-20-8~4 = 0, 
or 72 + 5 = 12 + 20 + 8 + 4 = 44 ; 

whence 72 = 44— 3H lbs. = 12| lbs. 

Hence the thrusts on the props are 12^ lbs. and 31^ lbs. 

(iii.) If we had taken moments about yV, we should have had 
R . /\//*f-4 . /V>1-8 . ^C-20 .NG + \2.BN = 0, 

S72 - 4. 9 + 8. 0 + 3. 20 -12. 3 
== 36 + 40 + 60-3G = 100 ; 
whence 72 = 12^ lbs., 

agreeing with the value just found and affording a test of the accuracy 
of the calculation. 

Observations. — The student will find it advisable, at first at any 
rate, to go through all the three processes [(i.), (ii.), (iii.)] illustrated 
above; in this way there will be a check on the accuracy of 
the work. 

If, in any example, the thrust on one of the props should come out 
negatwty it is to be inferred that the rod presses upwards on its sup- 
port, and that the latter has to hold it down. 

[The general fonnula is obtained as follows 

Let a beam, whose weight is IP, acting at its centre of gravity G, be supported 
at /if, /V, and let any weights ?ri, be attached at points ^i, 4s. Then, if 

J2, (S’ denote the unknown reactions at Af, A, the equation of moiueiits about /V 
gives R.NM — wi. NA3+W. N6 ; 

and the equation of moments about M gives 

S.MN = Wi.MAi+ir.2.MA2+n'?..MA3-h^V.M6. 

By addition, (Jf+5) MN = Wi . MN+w^.MN+ws • MN+W. MN, 
or R]-S = '»>,+'»e 2 + e* 3 + TP. 

This is the equation which we should obtain by resf)lving perpendicular to the 
rod, or equating the algebraic sum of the forces to zeio, sho\Mug that the values 
of J2, S found by resolving and taking inuinents about the suiiports are consistent.] 

133. Conditions of equilibrium of a heavy lever. — 

When the weight of a lever itself has to be taken 
into account, the condition of equilibrium may be found 
as in other cases by taking mo- 
ments about the fulcrum. 

Let a lever, whose weight w 
acts at 6 and whose fulcrum is C, 
be used to overcome a resistance 
or raise a weight W applied at B 
by means of an effort applied 


R 

d B G _ 

p 

Ob 

A 


Fig. 113. 
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at A. Then, if*P denote this effort (considered positive 
when acting upwards), the equation of moments about C 

gives r ,CA = W.OB + w .CG (8) ; 

and, if the lengths OA, GB, CG are considered positive or 
negative according to the direction in which they are 
drawn from C, this formula will be applicable to levers of 
any class. 

The upward reaction (JK) at the fulcrum will be given 
algebraically by E-f P = TT+w;. 

Obsekvation. — T hese formula) hold good whether the 
lever he horizontal or inclined to the horizon^ provided that 
the forces on the lever are parallel, and that their points 
of application lie in a straight line through the fulcrum. 
This will be proved in § 138. 

Example . — A beam, whose weight is W, acting at its middle point, 
can be tilted up with one end remaining on the ground by a force J W 
applied at the other end. If a prop be placed under the end that has 
been raised, the end on the ground can now be raised by a force ^ W ; 
thus the whole beam can be raised with the same mechanical advan~ 
tage that is obtainable with a single moveable pulley. 

The work don^ is (as it should be) the same as if the beam were 
lifted bodily up ; for each end in turn is raised through the whole 
height risen, so that the distance moved by the effort is twice this 
height. 

134. To find the resultant of any number of 
parallel forces of given magnitudes applied at given 
points of a rigid body, not necessarily in the same 
plane. 

Let the given parallel forces be P acting at i4, Q at fl, 
E at (?, at D, and so on. 

Join ABy and in A B take a point E such that 
PxAE= QxEB, 

Then, by § 77, the forces P and Q equivalent to a 
single resultant force P-fQ acting at £, parallel to both 
of them. 
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Now compound this resultant with the force B at G. 
Join EC, and on it take a point F, such that 

(P-hQ)xEF=BxFC; 

then the forces P+Q a,t G and B a,t 0 are equivalent to a 
single resultant force P^Q^B acting at F parallel to 
them. 



This resultant is therefore the resultant of the three 
forces P, Q, B eA, A, B, G, respectively. 

Now join FD, and in it take a point G, such that 


then the forces P -f Q + P at P and 8 at D are equivalent 
to a single resultant P-f Q + P + ^ acting at G parallel to 
them. 

This resultant is therefore the resultant of the four 
forces P, Q, B, S, at A, B, G, D, respectively. 

Proceeding in this way, we may find the resultant of 
any number of parallel forces acting at different points of 
a body. 

We might have compounded the four forces P, Q, P, S, in any other 
order whatever. Thus, if we had first found the resultant of li and 
S, then compounded this with Qy and compounded the resultant so 
obtained with P, we should have a different construction for* the 
resultant of the four forces. 

STAT. L 
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135. The Centre of Parallel Forces. — Definition. — 
The above constructions show that — 

The resultant of any number of parallel forces passes 
through a certain point whose position depends only on the 
magnitudes and the points of application of the forces. 

This point is called the centre of the parallel forces. 

Thus, in § 134, £ is the centre of P and Q, F is the centre of P, Q, P, 
and 6 is the centre of P, Q, P, S. 

If the forces P, Q, P, 8 , instead of acting as in Fig. 
114, are applied at the same points A, B, G, but in a 



different direction, as in Fig. 115, their resultant will still 
pass through the same point 6 as before. 


Observation. — The student should carefully notice the difference 
between the resultant and the centre of a system of parallel forces. If 
the forces P, Q, P, 8 act at Ay B, Cf D in a given direction, their result- 
ant acts in a straight line GLy parallel to this direction and passing 
through the centre G. The resultant mag be supposed to act at G, hut it 
need not necessarily he applied at G ; for, by the Principle of IVans- 
mission of Force, it may be applied at any point (say L) in its line of 
action (Fig. 114). But let P, Q, P, 8, still acting at A, B, C, D, bo 
turned round into a different direction. Their resultant will still 
pass through Gy the centre of the forces, but it will no longer pass 
through L (Fig. 116). 

Hence the resultant may always be supposed to act at G, no matter 
what the direction of the forces may he ; but it can only be supposed 
to act at any other point L if its line of action passes through and 
this requires the forces to be parallel to GL. 
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136. A system of parallel forces cannot have 
more than one centre. — This may be shown hjreductio 
ad ahsurdum thus : — Suppose the forces P, Q, P, 8 at 
A, 0, D to have two centres 6, H. Take the forces in 
any direction not parallel to GH. Then a system of such 
forces which may have G for their centre will be balanced 
by a system of equal and opposite forces which may have 
H for their centre ; hence the two resultants acting at 

//, and forming a couple (for tliey do not act in the 
line GH) will keep the body in equilibrium, which is 
impossible 

137. Centre of parallel forces acting at points in a 

straight line.— If a number of parallel forces Pj, Pg, Pg are applied 
at points ^3 lying along a straight rod or beam, the construc- 

tion for the centre of parallel forces (§134) shows that their centre 
also lies in the straight line through Ai, A 2 , A 3 . If a;j, rPg are the 
distances of 4i, Aq, A 3 from a fixed point 0 on the rod, the distance of 
the centre from 0 is therefore given by the formula of § 131, 

2 ; s= Pl^l 4 * 2^2 + Pg^T s + . . . 

Pi + Pj + P3 + , . . 

This follows at once, by taking moments, if we suppose the forces 
applied perpendicular to the rod. If they act m any other direction 
the products PiiPi, Pjajg, PgaTg, ... will not he the moments of the forces 
about 0 ; hut, since the centre of the parallel forces is unaltered in 
position, the formula shows that it may he found treating the 
products PjiTi, PjjaTj, PsiPs, ...as if they were moments. In other words, 
we may replace the arms on which the parallel forces act about 0 by their 
distances from 0 measured along any straight line cutting the forces. 


138. Tlteorem . — If any number of weights balance when attached to 
a straight lever placed horizontally, they will continue to balance when 
the lever is turned round about its fulerum into any direction whatever. 

For the weights are parallel forces acting at points in a straight 
line through the fulcrum, and their resultant is balanced by the 
reaction of the fulcrum. Hence the centre of the parallel forces is at 
the fulcrum. If the forces nn the lever were altered in direction 
(still remaining parallel), their resultant would, therefore, still he 
balanced by the reaction of the fulcrum, and the effect is evidently 
the same if the lever itself he turned round instead and the weights 
continue to act vertically. 
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Summary op Results. 

If a number of parallel forces ^S» &c.y cut a 
straight line at distances ajj, aig, &c., from any point 0, 
their resultant is given by the equation 

iiJ = P,4-P. + Ps+ (1), 

and its distance x from 0 by 

Pi^i "h P2'^2 "h Ps^s ■+*••• ^9^^ 

^ - r;+p-+p-+-::r - 

provided the proper sign is given- to each force and 
distance. (§ 131.) 

The centre of parallel forces P, Q, B, S at, fi, C, Z), (fee., 
is found by dividing 

AB at £, where P x AE = Q x EB ; 

EC Sbt F, where (P-\-Q) EF = Bx FO ; 

FD at where (P-h Q-hP) FG 8xGD; 
and so on. (§§ 134, 135.) 


EXAMPLES X. 

1. Two men carry a load of f cwt. suspended from a horizontal 
pole 14 ft. long, whose weight is 10 lbs., and whose ends rest on 
their shoulders. Find the point at which the load must he suspended 
in order that one of the men may bear 71 lbs. of the whole weight. 

2. Three like parallel forces of 5 lbs., 7 lbs., and 9 lbs. act in lines 
whose distances apart are 3 ft. and 4 ft. Find the resultant. 

3. A imiform beam, 14 ft. long and weighing 120 lbs., is attached 
to two props, one of which is 3 ft. and the other 6 ft. from its centre. 
Calculate the forces on the props when a weight of 100 lbs. is placed 
first at one end and then at the other end of the beam. 

4. A imiform bar, 3 ft. long and weighing 5 lbs., rests on a 
horizontal table with one end projecting 4 ins. over the edge. Find 
tjie greatest weight that can be hung on the end without making th^ 
bar topple over. 
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5. If a beam 6 ft. long, and weighing 16 lbs., is acted upon by a 
downward force of 3 lbs. at one end and an upward force of 7 lbs. at 
the other end, what is required to keep it in equilibrium in a hori- 
zontal position P 

6. A bar of uniform thickness and density, 12 ft. long and 1 cwt., 
is supported at its extremities in a horizontal position. If a body of 
2 cwt, be suspended from a point 2 ft. distant from one end, and a 
body of 4 cwt. at 4 ft. from the other end. required the pressures on 
the points of support. 

7. A uniform beam, 12 ft. long and weighing 72 lbs., is supported 
on two props, 1 ft. and *2 It., respectively, from tho ends. Whore 
must a weight of 24 lbs. be hung to make the pressure on each prop 
equal to 48 lbs. P 

8. A rod without weight rests horizontally on two points, ^ and 
10 ft. apart. Between A and B take points C, 0, D, such that 
AC = 2 tti AO = 4: it,, AD — 7 a. A weight of 100 lbs. is hung at 
C, and one of 90 lbs. at D. Find the algebrai(!al sum of the moments 
with respect to 0 of the forces on one side of 0. 

9. A uniform beam, 12 ft. long and weighing 56 lbs., rests on, and 
is fastened to, two props 6 ft. apart, ono of which is 3 ft. from one end 
of the beam. A load of 35 lbs. is placed {a) on the middle of the 
beam, (b) at the end nearest a i)rop, (c) at the end furthest from a 
prop. Calculate the weight each prop has to bc;ar in each case. 

10. Equal parallel forces act at the angular points of an equilateral 
triangle. Find their centre (i.) when the forces are like, (ii.) when 
one of them is unlike the other two. 

11. F, Q, E are parallel forces acting in the same direction at the 
angular points of an equilateral triangle ABC. If I* ~ 2Q = ZE, find 
the position of their centre. 

12. In the preceding question, find the position of th<; centre of the 
forces if the direction of Q is reversed. 

13. A rod is supported horizontally on two points A and B, 12 ft. 
apart. Between A and B points C and D are taki-n. such that 
AC — BD — Z it. A weight of 120 lbs. is hung at C, and a weight of 
240 lbs. at D ; the weight of the rod is neglected. Take a point 0 
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midway between ^ and Bt and find with respect to 0 the algebraical 
sum of the moments of the forces acting on the rod on one side of 0- 

14. Parallel forces of 3, 6y 7, and 11 lbs. act at points in a straight 
line at distances of 4 ins. from each other. What is the distance of 
their centre from the 6 lb. force ? 

15. A uniform straight lever of weight 10 lbs. and length 6 ft. 
balances about a certain point when weights of 3 lbs. -and 6 lbs. are 
attached to its extremities. How far must the point of support be 
moved so that the lever may balance when each of the weights is 
increased by 1 lb. ? 

16. Four equal forces act at the comers of a square in the same 
direction £dong parallel lines. What change will be produced in the 
position of their centre if the direction of one of them is reversed ? 

17. If a series of parallel forces can be reduced to a couple, what is 
the position of their centre ? 

18. A BCD is a square, and a diagonal. Forces P, Q, P act 
along parallel lines at By Cy Dy respectively ; Q acts in the direction 
A to Cy P and P act in the opposite direction. Find, and show in a 
diagram, the position of the centre when Q = 6P and P = 7P. 

19. ABCD is a square table whose side is 3 ft. long. The sides 
ABy BCy &c.y uro bisected at £, £, G, //, respectively, and 0 is the 
centre of the table. At Ay By C, 0, 0 act upward parallel forces of 
1 lb., 2 lbs., 3 lbs., 4 lbs., and 5 lbs., respectively, and at £, £, Gy H 
act downward paiullel forces of 2 lbs., 1 lb., 2 lbs., 1 lb., respectively. 
What is the position of the centre of the nine forces ? 

20. In the third system of pulleys, a weight of 45 lbs. is supported 
by a force of 3 lbs. weight. The strings are attached to a 6 -ft. bar 
from which the weight is suspended, and at distances of 1 ft. from 
each other. To what point of the bar should the weight be attached ? 
The bar and pulleys may be considered weightless. 



CHAPTER XI. 


DEFINITIONS AND PROPERTIES OF THE 
CENTRE OF GRAVITY. 

139. Every body has a oentre of gravity. — We 

have frequently made use of the property that the 
weight of a heavy straight uniform rod or beam may be 
supposed to act at its middle point, and, generally, that 
the weight of a rigid body of any shape may be supposed 
to be concentrated at a single point, called the centre of 
gravity of the body. We shall now prove this property, 
and in Chap. XII. we shall show how to deievmine the 
position of this point for bodies of certain shapes. 

Gravity. — i lefining gravity^' as the attraction which 
the Earth exerts on all bodies, and the weight of a body 
as the force with which that body is attracted to the 
Earth, it is shown in Dynamics, Chap. VIII., that, at any 
given place the weights of diflerent bodies are proportional 
to their masses (i.e., the quantities of matter in them), 
and that the weight of a body in pounds’ weight mea- 
sures the mass of the body in pourids. 

The weight of a body always tends to pull it towards 
the centre of the Earth. Hence, defining the vertical as 
the dii'ection of gravity, the verticals at dilferent places 
would, if produced, meet in the Earth’s centre. But the 
Earth’s radius is nearly 4000 miles ; consequently the 
verticals at two places would have to be produced nearly 

• Wo are here dealing with terrestrial gravity only. Consiih'/ntiuns rcsjKJcting 
the universal gravitation which exists between all bodies are boyoTul the scope of 
this br)ok. We omit the subject altogetiier in i>i’ofereuce to funtishing a few 
fragmentary statements about it, and refer the advanced student to Barlow and 
Bryan’s Astronomy, Chap. Xlll., Sections II. and III. 
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4000 miles below the Barth's surface before they would 
meet. Hence, unless the places themselves are at a con- 
siderable distance apart, the verticals are very approxi- 
mately parallel, and we shall consider them as parallel in 
treating of the centre of gravity. 

Now suppose a body to be built up of a number of 
heavy particles rigidly connected together. Then, unless 
the body is very large (so large, indeed, as to be com- 
parable in size with the whole Earth), the weights of the 
particles will form a system of parallel forces acting on 
them. By § 135, these forces will have a centre through 
which their resultant always passes. This centre is called 
the centre of gravity of the system of particles. 

The same thing is true for any body, whatever be its 
nature or the distribution of its parts. For if we subdivide 
any body into a very large number of parts, we may make 
these parts so small that each may (for all practical pur- 
poses) be regarded as a single heavy particle. Hence the 
resultant weight due to the weights of the different 
portions of a body always passes through a certain point 
in the body, and this point is called the centre of gravity 
of the body. 

The centre of a system of parallel forces was defined by 
the property that the resultant force continues to pass 
through this point, even when the direction of the forces 
is changed, provided that they remain parallel forces and 
have the same magnitudes as before. We cannot alter 
the direction of gravity, but it will amount to the same 
thing if, instead, we turn the body itself round, provided 
that in doing so we do not alter its size and shape, and 
that we suppose the centre of gravity to move as if 
rigidly connected with it. 

The centre of gravity of a body is therefore fixed 
relative to the hody^ so that, when the body moves as a 
rigid body, the centre of gravity moves with it. 

We may, if we please, suppose the body to have a small speck in 
it, marking the position of the centre of gravity. However the body 
is moved, its weight always acts in a straight line through this speck. 

It is not necessary that the body itself should be rigid 
in order to have a centre of gravity, but the centre of 
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gravity remains fixed relative to the body only as long as 
its size and shape remain unaltered. 

Thus a straight piece of wire has a centre of gravity at its middle 
point, and its weight will act at that point as long as it remains 
straight. If the wire be bent, it will no longer have the same centre 
of gravity. A bicycle has a centre of gravity through which its 
weight will always act, so long as its different parts (the steering- 
wheel and handle, and the frame, &c.) presorvo the same relative 
position, 

140 . We may therefore give the following : — 

Definition. — The centre of gravity of a body is that 
point, fixed relative to the body, through which the 
resultant force due to the Earth’s attraction on it always 
passes, whatever be the position of the body, provided 
that its size and shape remain constant. 

In short, the centre of gravity is the jpoint at xohicli the 
whole weight of the body always acts. 

The abbreviation for centre of gravity is C.O. 

141. The construction for the C.O. of a system 
of particles at given points is identical with that for 
the centre of parallel forces, the weights of the particles 
simply taking the place of the parallel forcjes. It is, 
therefore, given by § 134, only that, instead of replacing 
the/erces two at a time by a single resultant force., we 
have to replace the weights two at a time by a single 
weight,^ 

142. A body cannot have more than one C.G. — 

For if the body had two centres of gravity 6, //, the line 
of action of the body’s weight would always have to pass 
through both 6 aud //, and would therefore have to be 
the line 6H. But this is impossible, except when GH is 
vertical, for the weight of a body always acts vertically. 
Hence the body cannot have two c.a.’s. 


* The student is rcjcoinmeiided to write out § 134, substituting tin* words 
“weight” for “parallel force,” and “centre of gravity” for “ centre o! j)arallel 
forces,” 
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143. Centre of mass. — The foregoing considerations 
show that a body has a c.o. only when — 

(i.) It is acted on by gravity, i.e., it has weight, 

(ii.) The intensity of gravity is constant, both in mag- 
nitude and direction, at all points of the body (as is the 
case for bodies of small size as compared with the Earth), 

Now, if gravity were not to exist, a body would not 
have weighty but it would still have what is called 
mass, although its mass could not be measured in the 
ordinary way by weighing, and the analogy naturally 
suggests (as we shall now learn) that the body would 
still have a centre of mass. 

Suppose a body to be at first acted on by gravity, and let its o.o. 
be found and indicated in position by marks made on the body. 
Suppose the body to be then removed from the influence of gravity 
by being carried right away from the Earth into space. The marl^ 
will still indicate the samo point of the body, and the position of this 
point will have a definitci relation to the distribution of matter in the 
body, although it can no longer bo called its centre of gravity. This 
point will be called the body’s centre of mass. It may be defined 
statically as follows : — 

144. Definition. — The centre of mass, or mass- 

centre, of a body is the centre of a system of parallel forces 
acting on all the particles into which the body may be 
supposed divided, and such that the force on each particle 
is proportional to its mass. 

The abbreviation for centre of mass is C.M. 

We observe that every body, or system of bodies, has 
always a c.m.*' If it have a C.G., that point will necessarily 
coincide with its C.M., because the weights of the particles 
of the body, being proportional to their masses, form a 
system of forces having the c.M. for their centre. 

It is, therefore, always correct to speak of the c.G. of a 
body as its centre of mass, but not vice versa. 

As we are only concerned with the effects of terrestrial 


• For the definition makes no assumption as to the caiise producing the forces 
on the particles of the body, and only assumes that these particles have mass. 
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gravity, we shall continue to use the term c.G. By finding 
the C.G., we really determine the c.M. ; just as by weighing 
a body we really determine its mass. 

[* The following dynamical definition may be substi- 
tuted for the above equivalent statical definition : — 

Definition. — The centre of mass of a body is the 
point through which the resultant (“ impressed ”) force 
on the body acts when all parts of the body move with the 
same acceleration.* 

For the forces acting on different parts of the body are 
proportional to their respective masses, as shown in 
Dynamics (Chap. VI., § 83).] 

[* 146. Constmction for the C.M. of a number of 
particles. — If particles, whose masses are P, •*.» 

are situated at points 5, (?, P, the point obtained by 
the construction of § 134, will l3e the centre of parallel 
forces of magnitudes P, Q, P, S acting at >4, C, Z), re- 
spectively, and will therefore be the c.M. of the particles.] 

146. Definitions. — A lamina is a sheet of material 
whose thickness is so small that it may be regarded as a 
distribution of matter over an area. A uniform lamina 
is one which is of the same thickness and formed of the 
same substance throughout. 

The C.G-. of an area or surface means the c.G. of a 
uniform lamina covering that area or surface. 

Thus a sheet of paper or thin card, a thin sheet of metal such as 
that forming a tin canister, a plate of glass of small thickness, a 
slate, and in some cases even a wooden plank, may ho regarded as a 
lamina. And the c.G. of a parallelogram will he the ( .o. of a sheet 
of paper or any other uniform lamina forming that parallelogram. 

A wire, stick, rod, or beam is said to be uniform when 
it is of the same cross section and of the same substance 
throughout its length. 

The C.G. of a line (whether straight or curved) means 
the c.G. of a thin uniform wire placed along that ]in«. 


* This is the case when the motion of the body is one of “ pure translation,' 
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147. The C.O. of a straight line is at its middle 
point. 

This is obvious, for there is no reason why it should be 
nearer one end than the other. 

To prove it, let AB he straight uni- A G B 

form wire, G its c.G. Then 6 evidently B G A 

lies somewhere in the line AB. And if Pig, 116^ 
the wire be turned round so that the end 
B is placed at A and the end A is placed at fi, the wire 
lies along the same line as before, and the position of Q 
must therefore be unaltered. Hence GA = (?fi, or G is 
the middle point of AB. 

148. The C.G. of 

(a) a circnlar ring, and 
(&) a circnlar area, 
are at the centre of the circle itself. 

For, if either a uniform circular wire or a uniform 
circular lamina is rotated about its centre, it will continue 
to occupy the same space as before ; therefore its c.G. will be 
unaltered in position. But if the C.G. were not at the 
centre of the circle, its position would rotate with the wire 
or lamina, and would therefore change. Therefore the 
C.G. cannot be elsewhere than at the centre (as is almost* 
obvious without proof). 

149. Other symmetrical figures. — The method of 
the last three articles depends on the fact of the figure 
whose C.G. is required being “ symmetrical about a 
point,*’ in such a way that it is capable of being turned 
about that point till it occupies exactly the same space as 
before, without its different parts all coming round to their 
original positions. We find, in each case, that one point 
alone remains unchanged in position, and we conclude 
that this point must be the required C.G. 

A body of any shape could, of course, be rotated completely rownd 
{i.e.y turned through four right angles) about any point and brought 
back into its original position ; but this would not help us to find the 
c.G., because every point of the body would come back to its former 
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position, so that we should be no nearer knowing which was the c.o. 
than we were before. 

From the above property we are able at once to write 
down the following additional results : — 

The c.G. of the area of a regular polygon is the centre 
of the polygon, and the same is true for a uniform wire 
bent round to form the sides or ‘‘perimeter” of a regular 
polygon. For the C.G. must be unaltered in position when 
the polygon is turned about the centre, and each side is 
brought into the former place of the next side. 

The C.G. of a solid sphere, or of the surface of a sphere 
(Fig. 117), is at 0, the centre of the sphere, for its position 



Fig. 117. Fig- 118- 


is evidently unaltered by turning the sphere round about 
its centre through any angle. 

The C.G. of the volume or the surface of a right 
cylinder (Fig. 118) is at the middle point of its axis BC, 
for it is evidently unaltered in position when the cylinder 
is revolved about its axis, and also when turned, so that 
the positions of the two ends fi, C are interchanged. 

The c.G. of the volume or surface of a cube or any 
other rectangpilar parallelepiped is at a point midway 
between each pair ol opposite faces, as may^ be seen by 
turning it round so as to interchange the positions of two 
opposite faces. It may be proved geometrically that the 
diagonals all intersect and bisect one another at the c.G. 
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150. Properties of the C.O. — Equilibriiiiii of a 
heavy body abont a fixed point. 

From what we have learned in the present chapter, we 
know that, if a heavy body (i.e., a body on which gravity 
can act) he supported at any point, the c.G. and the point of 
support will he in the same vertical line, for the only 
forces acting on the body are — 

(i.) The resultant force due to gravity. This is the 
weight of the body, and it acts vertically through the c.G. 

(ii.) The reaction at the point 
of support. 

These forces are in equilibrium ; 
therefore they must be equal and 
opposite and in the same straight 
line. 

Therefore the point of suspension 
is in the vertical through the c.G. Fig. 119. 

Theoretically, a body would balance when supported at a point 
e^her vertically ahom its c.G. (Fig. 120), or vertically helow its c.G. 
(Fig. 119), or at its o.g. But it sometimes happens (as we shall see 
later on) that a body so supported is “ top heavy/ ^ and it practically 
impossible to keep it balanced any length of time. 

151. If a heavy body is supported at its C.O., it 
will balance in every position. 

Since the C.G. is at the point of support, the body’s weight 
always acts through the point of support. This weight 
cannot move the point of support, because that point is 
fixed ; and it cannot turn the body round, because it has 
no moment about that point. Hence the body must 
remain balanced in every position. 

In consequence of this property, the C.G. is very commonly 
spoken of as the balancing point of a body, 

152. The plumb-line,* used by builders and others for 
finding the direction of the vertical, is a flexible string 
fi’om which a heavy weight of lead, or plummet, hangs. 
When at rest, the string is vertical throughout its length, 

• Prom the Latin 3= “ lead.” 
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for the tension at any point has only to support the 
vertical forces due to the weight of the plummet and the 
part of the string below that point. Hence the tension 
is everywhere vertical. And the string, being flexible, 
places itself so that the tension is everywhere along the 
string ; hence the plumb-line is itself vertical. 

153. To find by experiment the C.O, of a lamina. 

The o.G. of a sheet of metal or any other material, or a 
wooden plank, or a wire of any shape, may be found in 
the following manner : — 

Suspend the body from any point A, and on it draw 
the vertical line AD through A. This line may be traced 
either by means of a plumb-line or by producing the 
direction of the string from which the body hangs. Wo 
know, by § 150, that the c.g. lies in AD. 



Fig. 120. Fig. 121. Fig. 122. 


How suspend the body from any other point B, and on 
it draw the vertical line BE through B. As before, the 
C.g. lies in BE. Therefore the required c.g. is at the 
intersection oi' AD, BE. 

This method is theoretically applicable to any body wliatevor, but 
except in the case of a lamina, it would usually not bo very easy to 
mark the two positions of the vertical, AD and BE. 

154. As an instrnctive exercise, the student should 
perform a few simple experiments, such as the following: — 
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Experiment I. — Take a sheet of cardboard, wood, or 
metal, hang it in succession from two points and 

each time mark on it the vertical through the point of 
suspension. Let these lines AD and fif, and let them 
intersect in G. Then, by placing a finger under the 
lamina at 6, it will be found possible to balance it in a 
horizontal position, showing that G is its balancing point 
or c.G. Now hang the lamina from a third point C- It 
will be found that G is vertically below C, thus verifying 
that the c.G. and the point of suspension always lie in the 
same vertical line. 

Now let a small hole be drilled through the lamina at G, 
and let ifc be supported in a vertical plane by a thin nail 
or pin passing through this hole. If the position of G has 
been found with accuracy, the body can be turned round 
about the pin and will remain balanced in every position. 

If the lamina is in the shape of a rectangle or parallelo- 
gram, and is hung up from one of its angles, the diagonal 
through that angle will be found to be vertical, thus 
verifying that the C.G. lies in the diagonals, as in Figs. 
120 , 122 . 

Experiment II. — Take a 
straight thin rod (e.g.^ a ruler, 
a straight walking-stick, or, 
better still, a billiard cue), and 
suspend it by means of two 
very fine strings from any point 
0. Also make a plumb-line by 
hanging a small weight W hy a 
single thread from 0. If the 
thread OiV cuts the rod in G, 
the c.G. of the rod will be at G. 

Mark this point on the rod. 

Then, if the rod be laid on the finger or on any support 
touching it at G, it will balance. 

If the rod is of uniform thickness and material 
throughout, G will be found to be at its middle point. 
If one end of the rod is heavier than the other, G will be 
found to be nearer to the heavier end. 
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Experiment III. — Take a heavy piece of wire bent into 
a hoop or any other form, and suspend it in turn from 
different points fl, 0 on it. By means of a plumb-line, 
mark the points Z), £, F on the wire, which are vertically 
below A, B, 0 in the respective positions. Then, by 
placing the wire on a sheet of paper, the lines AD^ BE, Cr 
may be drawn, and it will thus be verified that these lines 
all pass through one point 6. This point is the c.G. of 
the wire, and is usually not on, the wire itself. In fact, if 
the wire forms a circular hoop, its c.G. will be at the 
centre of the circle, and therefore it will never be on the 
hoop. 

165. Definition. — When a body rests upon any hard 
fiat surface, its base is defined to be the area enclosed by 
a fine string drawn tightly round it so as to enclose all 
points of the body in contact with the supporting surface. 

When a glass tumbler rests on a table, 
the base of the tumbler is evidently tho 
circular area enclosed by the parts of 
the tumbler touching tho table. But 
in the case of a table resting on the floor 
on its four legs, the base is tho quadri- 
lateral formed by joining the feet, for 
this would be the figure assumed by a 
string pulled tightly round the points of 
contact. The definition ensures that 

when the body is overturned it must turn about some point or line 
bounding the base. 

[The base may also be defined as “ the smallest nm-re-entrant figure 
which contains every point and surface of contact.”] 

156 . Equilibriam of a heavy body resting on its 
base. 

With the definition given above, we shall now show 
that 

When a body is placed on a plane it will stand 
or according as the vertical line throngh its 
C.O. falls within or without the base on which it 
rests. 

STAT, M 
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(i) First let the vertical through the c.a. cut the sup- 
porting plane at a point M outside the base AD; let A be 
the point of the base that is nearest to M. Then the 




weight of the body is equivalent to a single resultant force 
acting at 6, and the moment of this weight (Fig. 126) 
tends to turn the body about A in such a way as to lift 
up all the other points of the body touching the plane. 
Now the reaction of the plane always acta away from it, 
and never tends to prevent any part of the body from 
being lifted off. Hence there is nothing to counteract 
the tendency of the body to overturn about A- Therefore 
it will fall. 

(ii.) Second, let the vertical through the c.G. cut the 
supporting plane at a point M inside the base AD, Then, 
if A be any point at the edge of the base, the moment of 
the weight about A tends to press down the other points 
of the body touching the plane (Fig. 126), as at D. Now 
the reaction of the plane prevents the body from pene- 
trating it. Hence, in order to overturn the body about A^ 
we should therefore have to turn it in the opposite direction 
to that in which its weight tends to turn it. Therefore the 
body will stand. And if it be slightly tiltod up, its weight 
will bring it back to its original position as soon as it is 
let go. 

As a particular case, when a body rests touching the 
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ground at a single point, the vertical through the centre 
of gravity must pass through that point (Fig. 119). 

Observation. — The plane supporting the body may be 
either horizontal or inclined, provided that it is sufficiently 
rough to prevent the body from sliding down. 

157. lixperimeutal ▼erifications. — The reader is 
strongly recommended to test the tnith of the theorem 
by some simple experiments made with any common 
objects around him. The following are a few examples of 
its application : — 

Experiment I. — A plate or saucer may be placed over- 
lapping the edge of a table, provided that its centre (or 
C.G.)does not project beyond the edge (or base). If the centre 
overlaps, the plate will fall. By placing something heavy 
on the portion of the plate on the table, the position of 
the c.G. of the whole may be brought nearer the table, 
and the plate may then be made to rest overlapping 
beyond its centre, bub not beyond the new C.G. 

Similarly, a book can bo placed on the top of another 
book resting on a table, provided that the middle (or c.G.) 
of the upper book does not project beyond the lower book 
(^.e., beyond the base). Here, again, to make the upper 
book project beyond its middle, weights must be placed 
on the supported end to bring the c.G. nearer that end. 



Fig. 127. Fig. 128. 


Experiment II. — If any body of rectangular section 
A BCD (say a brick) be stood upon a rough plank, and 
the plant be gradually tilted about the edge the body 
will remain standing as long as its c.G. does not overlap 
the base, but directly this happens it will fall over about 
its lowest edge (Figs. 12o, 12«)). 

Now the c.G. of a rectangular body lies in the diagonal 
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plane AC> Hence the body will turn over jnst after the 
diagonal A C has passed through the vertical position. 

158. Other illiuitratioiis. — (1) A cart or tricycle will overttinx 
if the vertical through its c.o. Mis outside the wheel base (Fig. 129). 



jf 


Fig. 129. 

(2) A porter carrying a heavy trunk in one hand often extends the 
opposite arm at full length in order to more readily bring his c.o. 
over a point between his two feet. A man carrying a heavy weight 
in front of him leans back in order to bring his c.o. over his base. 

(3) If we lean too far back in a chair tilted up on its hind legs, we 
sh^l fall over backwards when the vertical through the c.o. falls 
behind the line joining the two back feet. 

^ (4) The leaning tower of Pisa overlaps it base by 13^ feet at its 
highest point, but it stands because the vertical through its c o. is 
well within the base. Treating the tower as a uniform cylinder 
(Fig. 126), its c.o. is at G midway between two diagonally opposite 
points Af C Sit the top and bottom. Hence the tower would fall if it 
were to project beyond A, that is, if the top were to overlap by 
more than the diameter of its base. 

159. Stftblc, uxistabley and noutral a^uilibriuiti. — 

Theoretically, it is always possible to balance a body by 
supporting it at a point anywhere either vertically above 
or vertically below, or at its c.o. But, practically, it is 
often very difficult to keep a body balanced on a point 
even for a short time, and the least disturbance either 
from shaking or other causes suffices to overturn it. 
Bodies have, as we know, a natural tendency to fall into 
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certain positions of equilibrium, and to fall away from 
other positions. 

Thus an egg naturallY rests on a table with its side touching the 
table. But it is difficult to balance the egg on its end as in Fig. 133 ; 
and, if this has been done by bringing the c.o. directly over the point 
of support, the egg will sbll overturn with the slightest shake or 
breath of air, or other disturbance, which moves the egg and therefore 
its 0 . 0 . or its point of support a little to one side or the other. 
In ordinary language, we express this fact by saying that the egg 
is top heavy. 

Again, a crooked walking stick will readily hang down of itself 
with a^ finger supporting it underneath its crook, but the stick can 
only with difficulty be balanced upright on the tip of the finger, and 
the stick is then said to be top heavy, 

A pin would theoretically satisfy the conditions of equilibrium of 
§ 150 if stood upright with its point resting on a plate. But no hand 
is sufficiently steady and patient to place it exactly in the right 
position, nor could the plate and pin remain sufficiently undisturbed 
for the pin to continue balanced for more than an instant, even if it 
were so placed. The pin would in fact be top heavy. 

On the other hand, a weight (such as a plummet) han^ng from a 
string will of its own accord fall into a position of equilibrium with 
the string vertical. If pulled aside, it will at first swing to and fro, 
but the string will at last again assume a vertical position. Again, a 
round ball resting on a table can be rolled along the table, and 
remain at rest if placed in any position (Fig. 119). 


160 . Hence there are different kinds of equilibrium, 
and these have received names according to the following 

Definitions. — Bodies are said to be in stable equilibrium 
when they tend to return to their equilibrium position 
after being slightly disturbed. 

Examples, — A stick hanging by its crook ; a weight hanging from 
a string or plumbline ; a ball or marble inside a basin ; the beam 
of a bahince. 

Bodies are said to be in unstable equilibrium when 
the least disturbance causes them to move further and 
further away from their equilibrium position. 

Examples, — An egg stood on end; a pin stood on its ^int; a 
walking-stick standing upright on the finger ; a ball or marble placed 
at the top of an inverted bowl. 

-Note. — JVhen we say that a body is “ top heavy/* 
we imply that it is in nnstahle equilibrium. 
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Bodies are said to be in neutral equilibrium when, 
after being displaced, they remain in their new position. 

Examples . — A ball or marble on the table ; an egg resting on its 
side when allowed to roll along the table ; a heavy body of any kind 
supported at its c.o. (§ 161 ) ; a door turning on its hinge. 

A top, a hoop, or a bicycle will remain upright as long as it is 
in rapid motion, although it would bo unstable and would overturn 
if at rest. Similarly the Japanese in their balancing feats are able to 
keep bodies standing in positions of unstable equilibrium by moving 
the point of support slightly, so as to counteract every tendency to 
overturn. Hence, when a body is in motion^ it is impossible to argue 
from purely statical considerations as to whether it is stable or not. 

Considerations of stability and instability of equilibrium are of the 
utmost practical importance, especially in shipbuilding ; for, unless a 
ship is stable, it will capsize, as the Victoria did. 

161. Stability of a body with one point fixed, 

A heavy body, moveable freely about a fixed point 0, is 
in stable, unstable, or neutral equilibrium, according as 0 
is vertically above, vertically below, or at G, the body's C.G. 



I’ig. 130. Fig. 131. 

For if the line OG is not quite vertical, Figs. 130, 131 
show that the moment of the weight acting at G tends to 
turn the body about 0 towards the position in which G is 
vertically below 0, and away from the position in which 
G is vertically above 0. Hence the former position is 
stable and the latter unstable. And since the body 
balances in every position when supported at G^ its equili- 
brium is then neutral. 


Thus a cake-hasket can ho lifted by the handles when empty, hut 
if a large high cake is placed in it, the c.o. will be brought above the 
points where the basket is hinged to its handles, and it will overturn. 
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162. Stability of a body restingf on a boriiontal plane. — 

When a body rests touching the ground at one point, its equilibrium 
is not necessarily unstable, even although its c.g. is above its point of 
contact. 

A ball whose c.o. is at its centre is in neutral equilibrium when 
placed on a horizontal surface. For, however the ball be rolled about, 
its c.Q. will always be vertically above its point of contact, and hence 
it will always remain in equilibrium (Fig. 119, p. 168). 




If the surface of a body is spherical and its c.g. is not at its centre, 
the body will be in stable equilibrium on a horizontal piano if its c.o. 
be vertically below its centre, and in unstablo equilibrium if its c.o. 
he vertically above its centre ; for Figs. 132, 133 show that the moment 
of the weight tends to turn the body towards the former position and 
away from the latter. 

The whole body need not necessarily be spherical, provided that 
the part of the surface touching the plane is spherical. 

Thus, if a hemisphere of lead is joined to a cylinder of cork so that 
the c.o. of the whole is below the centre of the hemisphere, it will 
stand upright although it looks very top-heavy. For lead is so much 
heavier than cork, that a cork of considerable length may be attached 
to the hemisphere without raising the c.o. above the centre. 

Several toys act on this principle, for, if the lead and cork bo coated 
together with paint, the differonoo of materials is disguised, and so a 
doll which will only stand on its head is easily made. 

163. General condition of stability. — The weight of a body 
acting at its c.o. always tends to pull this c.o. down towards the 
Earth. Hence, if the body is in equilibrium with the c.o. in the 
highest possible position, its equilibrium must necess.'irily be un- 
stablo. And when the c.o. is at the lowest possible position, the 
body must necessarily be in stable equilibrium, for gravity has 
pulled it as low as possible, and it can go no further. 

For this reason, in order to make a body stable, it is often loaded 
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with weights low down, so as to lower the o.o. as much as possible. 
This is why ships carry ballast. On the other hand, people by 
standing up in a small boat raise the o.o., and ^nay make it topheav^. 

As another illustration, a small particle or spherical ball will be in 
unstable equilibrium when resting at the highest point of the convex 
8urfe,ce of a round body, and in stable equilibrium when resting at 
the lowest point of a concave bowl. The student should, as an 
exercise, draw diagrams for the two cases, showing that when the 
ball is displaced its weight tends to pull it away ^m the former 
but towards the latter position of equilibrium. 

164. To find the C.Ct. of a parallelogram. 

Let A BCD be either a nniform lamina or a uniform wire 
in the shape of a parallelogram. Let its diagonals AC^ BD 
intersect in Q. Then shall Q be the required c.G. 



Fig. 134. Fig. 135. 

Turn the parallelogram round as in Fig. 135, and place 
it so that the vertices A^ B, C, D coincide with the previous 
positions of the vertices C, /), A, B, respectively. Then 
the diagonal AC will coincide with its previous position 
CA, and BD with DB. Hence G, the intersection of the 
diagonals, will be unaltered in position. Also no other 
point in the parallelogram will occupy the same position 
as befoi-e. For any other point will be brought round 
to the opposite side of G. 

Now, when the parallelogram is turned round, it occu- 
pies the same space as before ; hence its c.G. in its new 
position coincides with its c.G. in its old position. There- 
fore the c.G. of the parallelogram must be at 6. 

Obsekvation. — The reader should cut the parallelogram out of a 
sheet of paper, marking the points At B, Ct D both on the parallelo- 
gram and on the paper from which it was cut. On turning it round 
into the new position, it will again exactly fill the hole from which it 
was cut, and the diagonals will be unaltered in position, but their 
extremities will be interchanged. Hence G will be the intersection of 
the same two straight lines as before, and will therefore be unaltered 
in position. 



t^BBTNlTlONS AND PROPERTIES OF THE CENTRE OP GRAVITY. 169 


Coft. 1. Since the diagonals of a parallelogram bisect each o^er, 
tAe o.G. is at the middle point of either diagonal. 

This is also obvious from the method of proof. When the parallelo- 
gram is turned round, is brought into coincidence with the former 
position of GO, Therefore AG GC, and G is the middle point of AC, 

CoR. 2. I%e c,o, is the middle point of the line bisecting a pair oj 

For let £, F be the middle points of AB^ CD. When the parallelo- 
gram is turned round, AB, CD occupy the former places of 66, AB, 
respectively. Hence f , F occupy the former places of F, f , respect- 
ively; and therefore the middle point oi EF occupies the same 
position as before. Therefore this point is G, the required c.o. of the 
parallelogram. 

CoR. 3. Similarly, G is the middle point of the bisector of the pair 
of opposite sides BC, DA, Settee the diagonals and the bisectors of the 
opposite sides of the parallelogram all bisect one another' in the c.o. of the 
parallelogram^ as may be otherwise proved by geometry. 

Summary op Results. 

The centre of gravity of a body is that point through 
which the resultant force due to the Earth’s attraction 
always passes. (§ 140.) 

The centre of gravity of 

(1) a straight line is its middle point ; (§ 147.) 

(2) a circular ring is the centre of the circle ; (§ 148.) 

(3) a circular area is the centre of the circle; (§ 148.) 

(4) a parallelogram is the intersection of its diagonals ; 

(§ 164.) 

(5) a regular polygon is the centre of the polygon ; (§ 149.) 

(6) a sphere is the centre of the sphere ; (§ 149.) 

(7) a right cylinder is the middle point of its axis ; (§ 149.) 

(8) a cube or rectangular parallelepiped is at the inter- 

section of its diagonals. (§ 149.) 

When a body is supported at one point, its c.G. is in 
the same vertical line as the point of support, (§ 150.) 

The base of a body is the area enclosed by a string 
drawn tightly round the points of contact with the 
supporting surface. (§ 156.) 
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A body placed on a plane will stand or fall according as 
tbe vertical line through its c.G. falls withiri or without its 
base. (§ 156.) 

A body is in stable or in unstable equilibrium according 
as when slightly displaced from its equilibrium position 
it tends to return to or move further away from that 
position. (§ 160.) 

A body is in neutral equilibrium if wbon slightly 
displaced it remains in its new position. (§ 160.) 


EXAMPLES XI. 

1. Weights of I and 6 lbs. are fixed at the two extremities of a 
uniform heavy bar 3 ft. long. The centre of gravity of the whole is 
1 ft. from one end. Find the weight of the bar. 

2. A rod, of which tho centre of mass is not at the middle point, is 
hung from a smooth peg by means of a string attached to its extremi- 
ties. Find the positions of equilibrium. 

3. A rod 12 ft. long has a weight of 1 lb. suspended from one end, 
and when 1 6 lbs. is suspended from the other ond it balances at a 
point 3 ft. from that end, whUo if 8 lbs. are suspended there it balances 
at a point 4 ft. from that end. Find the weight of tho rod and the 
position of its centre of gravity. 

4. A rod ABC, 16 ins. long, rests in a horizontal position upon two 
supports at A and B 1 ft. apart, and it is found that the least upward 
and tho least downward force applied at C which would move the rod 
arc 4 oz. and 6 oz. respectively. Find the weight of the rod and the 
position of its centre of gravity. 

6. Equal masses are placed at the angular points of a regular 
pentagon. Show that their centre of gravity is at the centre of the 
circumscribing circle. 

6. A bar projects 6 ins. beyond the edge of a table, and when 2 oz. 
is hung on to the projecting ond the bar just topples over ; when it is 
pushed out so as to project 8 ins. beyond the edge 1 oz. makes it 
topple over. Find the weight of the bar and the distance of its centre 
of gravity i^om the end. 
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7. A “body of any form is supported by a string, which, passing over 
a smooth peg, is fastened at its extremities to two points in the body. 
Show that in its position of equilibrium the c.g. of the body is vertically 
beneath the peg, and that the two portions of the string make equal 
angles with the vertical direction. 

8. Explain fully the circumstances under which a rectangular block, 
standing on a plank which is being gradually tilted, shall topple over, 
being prevented from sliding by a small obstacle. As an example, 
take the case of a block 8x6x6 cubic ins. 

9. Masses of 1 lb., 1 lb., 2 lbs., 2 lbs. are placed at the comers 
A, By C, f) of a rectangle ABCD. Determine, by the principle of § 149, 
a straight line in which the centres of gravity of the four masses lie. 

10. Of two equal hollow spheres of the same material, one contains 
a quantity of water, and the other a mass of lead attached to the inner 
surface. Describe experiments which would enable you to distinguish 
between them. 

11. A number of rectangular bricks are placed so that each overlaps 

the one next below by the gre^atest amount possible. Show that the 
distance they overlap (beginning at the top) are i^roportional to the 
fractions 

12. A crane is on a four-wheeled railway truck weighing G tons. 
The area of the hasc formed by the wheels is 60 sq. ft. Neglecting the 
weight of the crane, calculate the area of the ground from which a 
mass of 3 tons can be lifted by^ the crane. 



CHAPTER XII. 


DETERMINATION OF THE CENTRE OF 
GRAVITY. 

165. In the last chapter we showed how the position 
of the c.G. of certain figures — such as the straight line, 
sphere, and parallelogram — can be inferred from the 
symmetry of the figures. In most cases, however, it is 
necessary to divide a body into a number of parts, and 
to deduce the position of the c.G. of the whole body from 
those of its parts. Accordingly we commence by investi- 
gating the general method applicable in such cases. 

166. Having given the weights and centres of 
gravity of the different parts of a body, to find 
the C.O. of the whole body. 

Let Sif /S,, /Sg be different 
parts of a body, and let 
Wy, be the weights, 

K, L, M the c.G.’s, of Sj, 
iSg, respectively. It is 
required to find the C.G. of 
the whole body made up of 
the parts /Sg, Sg. 

The weights may 

be taken to act at /T, £. 

Therefore their resultant is 
a weight w;, + acting at a 
point 0 on such that 



Fig. 126. 



DBTEEMINATION OF THE CENTEE OF GRAVITY. 173 

Wi , KO ^ , OL 

(wr, H-Wj) KO ^ w^.OL’\‘W^. KO ^ w^,KL \ 

whence 

K0 = -!^KL, ol = kl-ko = -^kl 

Hence 0 is the o.G. of the body made up of Si and xS,. 

The total weight of the two parts Si and S^ is therefcre 
tCi + Wi acting at 0. 

The weight of S^ is acting at M. Therefore their 
resultant is a weight %+% acting at a point Gj such 

that (Wi + w^) 06 = ^ 0 J^ . 6M, 

00 = (OG-hGM) = m?8 • OM, 

whence 

OG = OM, GM = OM. 

Hence 6 is the c.G. of the body made up of /Sj, S^^ S^. 

In like manner, if the weights and c.G.’s of four or more 
parts of a body are known, we can find the c.G. of the 
whole body. The required c.G. is evidently the c.G. of a 
number of particles whose weights are equal to those of 
the several parts of the body, placed at their respective 
c.G.’s, and the above method is identical with that used 
for finding the centre of parallel forces (p. 145). 

Examples. — (1) To find the c.o. of 
a wire bent into an angle. 

Let a uniform wire AB be bent 
into an angle ACB. We may con- 
sider it as consisting of two straight 
wires AO, CB joined together at 0. 

The o.G.’s of these two portions 
are at their middle points K, L, and 
their weights are proportional to 
their len^hs AC, CB. Hence the 
C.O. of the whole wire is at a point G 
in KL, such that 

ACxKG ^ CBxGL, 

GK^ CB 
QL CA * 



or 


Fig. 137. 
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(The point 6 may be found by the following geometrical construction Draw 
CD bisecting the angle ACB and cutting KL in D. Take KQ » DLy and therefore 
QL ss KD. Then Q is the required c.o. 

For since CD bisects angle KCL^ therefore (Euclid, VI. 8) 

DK CK* " QL CK \CA CA ‘ J 

(2) To find th© c.g. of a cubical box without a lid. 

Let a be the length of a side of the cube. Let 0 be the centre of 
the cube, A the centre of its base, G the required c.g. (figure should 
be drawn). Then it is easy to see that the c.g. of the four sides of 
the box is at 0, and their total area is 4a2. Also the o.g. of the base 
isat^, and its area is a^. Therefore G is the c.g. of weights at 
A and at 0. 

.*. a® X — 4^2 X GO. 

AG = 4:G0, and AO =* 6G0. 

GO — ^AOi and AG ~ ^A0» 

But >40 = Therefore >40 = fa. 

Hence the c. o. is at a height above the base of f the height of the 
cube. 

167. Definition. — The medians of a triangle are the 
straight lines joining its vertices to the middle points of 
its opposite sides. 

Lemma. straight line, parallel to the base of a triangle and termi^ 
nated by its sides, is bisected by the median through the vertex opposite the 
base. 

Let ABC be the triangle, he any line parallel to BO. Let D be the 
middle point of BC, and let AD cut be in d. Then shall d be the 
middle point of be* 

For, if not, from dc, cut off dh = bd. Join Ak, and join 0 to 6, c, k. 

Then, since BD = DC ; AABD = A>400 and AbBD * AcCD, 
remaining AAbD — aAcD. And since bd — dk, 

.*. a>46</ = A>4/fc/, and ADbd = ADkd ; AAbD — AAkD ; 

ck is parallel to ADf which is impossible, since ck cuts AD in d. 


* The proof which follows may be omitted and a simpler proof substituted by 
those who have begun to road Euclid, Book VI, 
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168, To find the C.0. of a triangular area. 

Let ABChe B. triangular lamina, D, EyFihe middle points 
of the sides. Join AD> Then we shall show that the c.o. 
of the triangle lies in AD. 

Suppose the triangle to he divided into a very large 
number of thin strips such as by drawing straight 
lines parallel to the base BC. 




If the strips are made siifflciently thin, each may be 
treated as a uniform thin rod, and the o.G. of such a rod 
is at its middle point rf.* 

But, by the above lemma, the median^/} passes through 
d. Hence the c.G. of every thin strip of the triangle lies 
in AD, And since the weight of each strip acts as if it 
were concentrated at its c.G., we see that the c.G. of the 
whole triangle is the same as that of a certain distribution 
of weights along the line AD. 

Therefore the c.G. of the triangle lies in AD. 

Similarly, by dividing the triangle up into strips 
parallel to AC, it may be shown that the o.G. of the 
triangle lies in the median line BE, and also in CF. 

♦ We may suppose the trianprlo to be built up of a number of thm lathsor strips 
of material, CACh slightly longer than the next above, and flxcfl side by side, 
strictly By)eaking, their ends would have to be smoothed off along the sides 
ABf AC; but we suppose the strips so thin that the amount sino<'thed off is 
Inappreciable.] 
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Therefore the O.G. of the triangle is at 6^ the common pomi 
of intersection of the medicms AD^ BE, OF, 

Coe. The three medicms AD, BE, CF all pass through one eornsnon point. 

This is a well-known geometrical theorem, and is proved in most 
modem editions of Euclid.* 

169. The C.O. of a triangular area coincides with 
the C.G. of three equal particles placed at its 
vertices. 

Also it is the point of trisection of any median 
line which is the more remote from the corre- 
sponding vertex. 

(i.) Let three equal weights w 
be placed at A, B, 0. 

Then, if D be the middle point 
of BO, the weights w at B and w 
at C have a resultant at /?. 

Hence the C.G. of the three 
weights is also the C.G. of weights 
at D and tv at A. 

' Therefore it lies in AD. 

Similarly, it lies in BE and CF. 

Therefore it is at 6, the point of intersection of the 
three medians. 

Therefore it coincides with the c.G. of the triangular 
area AB 0 

(ii.) Again, since 6 is the point of application of the 
resultant of weights 2w at D and w; at 

therefore 6 divides AD, so that 

w . AG = 2w . GD. 

AG=:2GD, 

and AD = AG-^rGD = 

• Or see the solutions to the Geometry paper of June, 1888, in McUrioulaiion 
Modd Answers. 


A ' 
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and A6 = _ 

Therefore Q is that point of trisection oi AD which is 
the more remote from the vertex A. 

OoR. 1. If each of the weights w is one-third the weight of the 
lamina, their total weight and the position of their c.o. will he the 
same as for the lamina. Henoe a uniform triangular lamina is static 
oally equivalent to three equal weights placed at its vertiees^ each being 
one-third the weight of the lamina. 

OoB. 2. The point of intersection of the three mediam of a triangle is 
one of the points of trisection of each of them. 

liis may also be proved by pure geometry. The proof is left as 
an exeroise for the reader. 

170. .To find the C.O*. of the perimeter of a triangle. 

Let ABC be a triangle. It is 
required to find the c.G. of a thin 
uniform wire bent into the tri- 
angle ABG.^ 

Let Dy f, Fbe the middle points 
of the sides BC, CAy AB, and let 
their lengths be a, 6, c, respec- 
tivelj. 

The weights of the three sides 
are proportional to their lengths, 
and- act at their middle points. 

Hence the required c.G. is the c.G. 
of weights a, b, c placed at Dy f , F. 

It might, therefore, be found by the construction of § 166. 

But the following method is more convenient : — 

The weight a acting at D is equivalent to weights 
at B and at Cy since these have the same c.G. and the 
same total weight. Similarly, each of the other sides 
may be replaced by half its weight acting at either end. 
Therefore the c.G. of the perimeter is the c.G. of weights 
^(6-|-(j) at Ay i(c-ba) at B, at C. 

Denoting it by a, we see from § 166 that g may be 
found by dividing BC in L, so that 

• Note that in the present case the matter whose c.o. is required is distributed 
along the sides of the triangle, whereas in 1 168 it was distributed over the area of 
the triangle. 

STAT. N 
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or 


{c^a)BL = (a + 6) LG, 

Bi = + g IQ _ (g-f c) a ^ 

2a4“fe + c* 2g-hfe'4“C^ 


and dividing AL in so that 


2 (a-f6+c) 


[171. Alternative eonetmotion. — Since g is the c.o. of weights 
a, 0 , c placed at Dy Et F, therefore DG produced divides £F in a point 
K, such that 6 .EK = c . KF. But the sides of aDEF are, respect- 
ively, half those of ABC. 

. EK^^ ^ 

' ' KF 3 " IDF^ OF* 

whence (Euclid, VI. 3) DK bisects Z EOF. Similarly £g, •Fg bisect 
the angles ££/), DFE. 

Therefore g is the centre of the circle inscribed in the tHangle /?££.] 


172. To find the C.O. of the area of any polygon. 

Divide the polygon into tri- 
angles (iS'i, iSg, ^8, Fig. 141) 
by joining one of its vertices 
A to the other vertices not 
already joined to it. Find 
K, L, M, the C.G.’s of these 
triangles, by trisecting the 
medians drawn from A, as in 
§ 169, and find their areas 
by measuring their bases and 
altitudes. Then the required 
C.G. of the polygon is the 
C.G. of weights at K, L, M Fig. 141. 

proportional to the areas 

is therefore given by the construction of § 1 66. 

In practice, instead of replacing each triangle by a 
single weight acting at its C.G., it would sometimes be 
more convenient to replace it by three weights, each 
one^third of that of the triangle, placed at its angular 
points. We should thus reduce the problem to finding 
the C.G. of certain weights placed at the angular points of 
the polygon itself. 
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Obsbbvatiok. — ' rhe c.g. of a polygon is not, in general, the c.o. of 
eqfMl weights placed at all the comers of the polygon, for, if the last 
construction be followed, the weights by which different triangles are 
replaced are not, in general, equal. 


Example. — To Jkid the c.o. of a trapezoid a quadrilateral two 
of whose sides are parallel). 

Let ABDG be the trape- 
zoid, having^C, BD parallel. 

Let AC =« a, BD = by and let 
h be the perpendicular dis- 
tance between AC and BD. 

The qua^ilateral may be 
divided into two triangles 
ADCi ABD, and the areas of 
these triangles are j^ha, ^hb ; 
therefore their weights are 
proportional to b. 

Their c.o. will therefore be unaltered by supposing their weights 
to be equal to a, b, respectively. 

Then the c.o. and weight of the triangle ADC will be the same as 
that of equal weights J-a placed A, Df C. Similarly, the triangle 
ABD may bo replaced by equal weights \b oi A, By D. 

Hence the c.o. of the quadrilateral is the c.o. of the weights 
J(« + ^)ati4, at (?, \beA,Bf and J(a + ^)atf?. 

Again, by dividing the quadrilateral into two triangles ABCy BDC, 
we see that its c.o. is also the c.o. of weights 

\a at Ay J {« + b) at C, J- (<« + b) at By and ^b at D. 

Hence the c.o. will be the same when the latter weights are added 
to the former, and it is therefore the c.o. of weights 

J(2a + ft)at^, J(2rt + i)atC, J(« + 2&)at5, I {a + 2b) at D. 

Let Hy K be the middle points of ACy BD. 

Then the weights l (2a + b) at A and i{2a-hb) at C are equivalent to 
a weight | (2a + b) at H. 

Similarly, the weights ^{a + 2b) at B and \(a + 2b) at D are equi- 
valent to a weight f (a + 2b) at K. 

Hence the c.o. of the quadrilateral is in HK at a point Gy such that 
t(2a + ^)x//e = ^(a + 2b)y.GKy 

HG a 4 - 2b 

QK 2o + b 



or 



180 


STATICS. 


173. To And tho C.G. of a portion of a body. 

Having g^ven the weight and c.G. of a whole body and 
of any part removed from it, to find the position of the 
C.G. of the remaining part. 

Let 0 be the c.G. of a body, W 
its weight. 

Let C be the c.G. of any part of 
the body, w its weight. 

Let G be the C.G. of the remainder 
of the body. It is required to 
find e. 

The weight of this remaining 
part is evidently W—w. 

Now, since 0 is the C.G. of the whole body, 0 is the 
C.G. of weights M? at and TT-— w at 6. 

(?, 0, Q lie in a straight line, and 

(W-^w) GO ’=.w . 00. 

Therefore G lies on 00 produced through 0, so that 

OG = CO. 

W—w ' 



Fig. 14.3. 


Example , — To find the c.o. of a hollow spherical bullet containing 
an excentric spherical cavity. 

Let 0 he the centre of the surface of the bullet, Q the centre of the 
cavity. 

Let 0 , h be the known radii of the bullet and cavity, and let 00 *=■ e. 
Then the volumes of the bullet and of the cavity are, respectively, 
\tcc^ and 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 
w _ 

W'' 


and the weight of the actual bullet is W^w. 

Hence the required c.o. of the hollow bullet is a point 6 in CO 

produced, such that 06 — CO x , 




or 


06 ^ ex 
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174. To find the 0.0. of any auinber of weiflrhte at giyen 
points in one plane. 

Let any number of particles of 
known weights be situated 

at given points A^y A^y Ag in one plane. 

Draw two straight lines OXy OK at 
right angles to one another in the 
plane, and let the distances of each 
weight from each of these two lines be 
measured.* 

Let iViy iPjy ... be the distances of 
the weights from OK; yj, y,, y#, ... 
their distances from OX. 

[So that if, from any weight Ai, perpendiculars AiJIfi on OX and 
/li/V, on 0 K be drawn, we have 

iPi « OJIfi = NiAi and y, = ON^ ^ 

Let G be the required c.o. of the weights. Draw GMy GN perpen- 
dicular on OXy 0 Yy and lot x = OM == NGy y = 0^ = MG. 

The resultant of the weights m>i, w^y tv^y &c., acting at Aiy A^y A3, is 
weight of Wi + W2 + . . . acting at G. 

Suppose the plane turned so that OK is vertical and OX horizontal. 
Then, since the sum of the moments of the several weights about 0 is 
equal to the moment of their resultant, 

OAf X («?1 + W>2 + W’3+ ...) = 0MiXWi + 0M2XW2+ 0M3XW3+...y 


r 


1 A, 



be G 




..JSt Ai 


Wl f 

V 

' 


0 M, /I 

n X 


iff. 144 . 


or x= OM == + + 

Wi + W2 + 'iC'3+ ... 

Next place the system so that OX is vortical and 0 K horizontal. 
By taking moments in like manner about 0, we have 

ON X {t0i + lVi-\-W3 + ...) = 0NxXWi + 0N2 X w^ + ON^ x «> 3 + ..., 
whence y = ON = !£. . 

U\ + ••• 


[• We may suppose the “ particles in one plane ” to be a number of small weights 
attached to a flat square sheet of cardboard, and the two straight lines at right 
angles to be two adjacent edges of the square, or instead of the paper we may take 
a school slate, when two adiacent sides of the firame will represent OX^ OK, and the 
position of the particles may be represented on the slate. J 
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173. To find the C.G-. of a portion of a body. 

Hav'ing g^ven the weight and C.G. of a whole body and 
of any part removed from it, to find the position of the 
C.G. of the remaining part. 

Let 0 be the c.G. of a body, W ~ 

its weight. 

Let C be the c.G. of any part of 
the body, w its weight. 

Let G be the c.G. of the remainder 
of the body. It is required to 
find 6. 

The weight of this remaining pjg 143 

part is evidently 

Now, since 0 is the C.G. of the whole body, 0 is the 
c.G. of weights w C and W—w at G» 

C, 0, G lie in a straight line, and 
GO ^ w . 0G» 

Therefore G lies on CO produced through 0, so that 

OG = CO. 

W—w ' 


Example . — To find the c.o. of a hollow spherical bullet oontaining 
an excentric spherical cavity. 

Let 0 be the centre of the surface of the bullet, C the centre of the 
cavity. 

Let h be the known radii of the bullet and cavity, and let OG =* e. 
Then the volumes of the bullet and of the cavity are, respectively, 
and ^ir^. 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 
w _ 

and the weight of the actual bullet is 

Hence the required c.o. of the hollow bullet is a point 0 in 00 

produced, such that 00 = CO x — , 
or X — - . 
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173. To And the c.O. of a portion of a body. 

Having given the weight and c.Q. of a whole body and 
of any part removed from it, to find the position of the 
C.G. of the remaining part. 

Let 0 be the c.o. of a body, W 
its weight. 

Let C be the c.g. of any part of 
the body, w its weight. 

Let G be the c.g. of the remainder 
of the body. It is required to 
find G* 

The weight of this remaining 
part is evidently TT—to. 

Now, since 0 is the C.G. of the whole body, 0 is the 
C.G. of weights w 2A, G and TF— w at 6. 

(?, 0, G lie in a straight line, and 
(W^w) GO tv , 00. 

Therefore G lies on CO produced through (7, so that 



Fig. 143. 


OG^ 


W—w ' 


CO. 


Example , — ^To find the c.o. of a hollow spherical bullet containing 
an excentric spherical cavity. 

Let 0 be the centre of the surface of the bullet, C the centre of the 
cavity. 

Let a, b be the known radii of the bullet and cavity, and let OC — e. 
Then the volumes of the bullet and of the cavity are, respectively, 
and 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 
w _ 

7F"" 

and the weight of the actual bullet is W^w. 

Hence the required c.o. of the hollow buUet is a point G in CO 

produced, such that OG CO x. » 




or 


OG ^ ex 
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173. To find the C.O. of a portion of a body. 

Having given the weight and c.G. of a whole body and 
of any part removed from it, to find the position of the 
c.G. of the remaining part. 

Let 0 be the c.G. of a body, W 
its weight. 

Let C be the c.G. of any part of 
the body, w its weight. 

Let 6 be the C.G. of the remainder 
of the body. It is required to 
find G, 

The weight of this remaining 
part is evidently W—w, 

Now, since 0 is the c.G. of the whole body, 0 is the 
c.G. of weights at C and TF— m; at 6. 

C, 0, G lie in a straight line, and 
GO^^w.OG. 

Therefore G lies on CO produced through 0, so that 



Fig. 14.3. 


oe = 


W—w 


CO. 


Example. — To find the c.g. of a hollow spherical bullet containing 
an excentric spherical cavity. 

Let 0 be the centre of the surface of the bullet, C the centre of the 
cavity. 

Let a, b be the known radii of the bullet and cavity, and let OC * e. 
Then the volumes of the bullet and of the cavity are, respectively, 
and 

Hence, if W denote the weight which the bullet would have if no 
cavity existed, w the weight of matter which would fill the cavity, 
w _ 

W~ 

and the weight of the actual bullet is W^w. 

Hence the required c.o. of the hollow bullet is a point G in CO 

produced, such that 06 — CO x > 
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174. To find the 0.0. of any number of weights at given 
points in one plane. 


Let any number of particles of ] 

known weights w^y w^y be situated 

r 

t. 


at given points Aiy A^y A^ in one plane. 

Ws 

Draw two straight lines OXy OK at 
right angles to one another in the 

X C 


plane, and let the distances of each 


_ I 

weight from each of these two lines be 
measured.’*' 

Let x^y x^y x^y ... bo the distances of 

1 fCii 

1 ' 


3 M. / 

1 X 

the weights from OK; yi, yj, yj, ... 
their distances from OX. 

Fig. 144. 

[So that if, from any weight Ait perpendiculars AyMy on OX and 
^lA^i on OK be drawn, we have 

Xi = OMi = NiAi and yj — ONi =» 


Let G be the required c.g. of the weights. Draw GMy GN perpen- 
dicular on OXy 0 Yy and let x ^ OM NGy y ^ ON — MG, 

The resultant of the weights iVn w^y w^y &c., acting at Aiy A^, is 
weight of + iV2 + 4^3 . . . acting at G. 

Suppose the plane turned so that OK is vertical and OX horizontal. 
Then, since the sum of the moments of the several weights about 0 is 
equal to the moment of their resultant, 

OM X (4^1 + W 2 + ^’ 3 + •••) = OMiXZV^ + OMgX W2+OM3XWQ+ 
or OM ^ + + ^ 

44?i + 4r2 + 44'3+ ... 

Next place the system so that OX is vertical and OK horizontal. 

By taking moments in like manner about 0, we have 
ON X (44?! +4<73 + 4^?s+ ...) *= ON\X Wi-\- ON 2 X ON^X ..., 

whence y ^ ON ^ . 

fCj +44'2 + 4C3+ ... 


[* We may suppose the “ particles in one plane ” to be a number of small weights 
attached to a flat square sheet of cardboard, and the two straight lines at right 
angles to be two adjacent edges of the square, or instead of the pai>er we may take 
a school slate, when two adjacent sides of the frame will represent OXy OYy and the 
position of the particles may be represented on the slate.] 
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Hence the distances OAf, ON are known, and by completing the 
rectangle 0M6N, the position of the required c.o., can be found. 

Observations.— The formulfie evidently apply to finding the c.o. of a body, 
when Ai, >4*, A^ are the c.o.’s of its several portions, and wi, their weights. 

Again, If for lOj, w*, we write m\, m*, wia, the masses of the bodies, the 
formulae determine the position of their centre of mass. 

Although the weights are supposed above to be in one plane, we may here state 
that similar formulae hold in the more general case. If x\, yi, zi are the distances 
of any weight Ai from three planes at right angles (say two adjacent walls and the 
floor of a room), and so on, the corresponding distances i, p, z for the c.o. are 
given by formulae proved above, and a third similar formula with z'a written for 
it’s or y’s. 

Example. — (1) To find the c.o. of a square slate ABCD whose weight 
is 1 lb., together with weights of 2, 3, 4, 6 lbs., placed at its four 
comers. 

Let X be the distance of the c.o. from AD^ y its distance from ABj 
a the length of the side of the square. 

The total weight = 1+2 + 3 + 4 + 6 lbs. = 16 lbs. Therefore, taking 
AB horizontal, the equation of moments about A gives 

16;p = 2.0 + 6.0 + l.ifl + 3.a + 4.a = ; 

.*. X = \a. 

Taking AD horizontal, we have, in like manner, 

16y = 2.0 + 3.0 + l.ia + 4.a + 5.a = Oja ; 

.-. y * 

Hence G lies on the bisector of the sides AB, DC at a distance 
from AB. 

175. Work done in raising^ weights. — The work 
done in raising a number of weights off the ground or raising 
them ujp to the ground is the same as if their total weight 
were collected at their C.G. 

Let there be any number of weights Wi, Wi w^, , and let them be 

raised from the ground to heights Xi, x^, x^, ... . Let TT be their total 
weight, X the height of their c.o. in the new position. 

Then work done in raising the weights 

But, by the last article, 

- — ^’ 3^3 + ••• _ + . . . . 

+ + w’3+ ... JF ^ 

.*. tOiXi+'W ^2 + — JF.x; 

whole work done — Wx = work required to lift total weight to 
the height of the o.a. 
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Similarly, by taking to represent the depths of a number of 

weights below the ground, we see that the work done in lifting a 
number of weights from below the surface to the ground is the same 
as if the weights were all concentrated at their c.o. 

Obskrvation.— The weights need not all be in the same vertical plane. The 
theorem is trve in every case, but, unless the weights are in a vertical plane, the 
above proof assumes the more general theorem which we stated without proof in 
the observation on 1 174. 

Examples, — (1) The work done in building a cylindrical tower is 
the same as would be required to lift the whole of the materials through 
i the height of the tower. 

(2) The work done in digging a ditch of triangular section through 
earth of uniform material is the same as would be required to lift the 
total mass of earth through ^ the depth of the lowest point of the ditch. 


176. To find the C.O. of a uniform tetrahedron or 
p 3 rramid on a triang^ar base. — We shall now show* 
that — 

(i.) The C.G. of a triangular pyramid ABCD is in the line 
joining any corner D to H, the C.G. of the opposite face. 

(ii.) It coincides with the C.G. of four equal weights 
placed at the comers A, C, D. 

(hi.) It divides the straight line joining any corner to the 
C.G. of the opposite face in the ratio of 3 to 1, i.e.y at a point 
6, such that D6 = iOH and GH = iDH. 


(i.) Let F be the middle 
point of AB,H the c.G. of the 
triangle ABC. It is required 
to show that the c.G. of the 
pyramid lies in DH. 

Divide the pyramid into 
an infinitely large number 
of infinitely thin triangular 
laminae of uniform thickness 
by drawing planes parallel 
to the face ABC, and let abo 
be one of these sections. 



loin DF, cutting ab in/, and in the plane of the triangle 
DCF draw the straight lines c/, DH intersecting in /?. 

• The proofs may be omitted by the beginner, but the results stated are 
important. 
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Then, since ab is parallel to AB and F is the middle 
point of ABf therefore / is the middle point of ab (§ 167). 
Hence oh produced bisects ab in. f; therefore oh ia ^ 
median of the triangle abo. In like manner, ah and bh 
are medians of obo. Therefore h is the C.G. of the 
triangular lamina a6c, and it lies in the linp DH. Thus 
the C.G. of each of the lamines of the pyramid is in the 
line DH ; therefore that of the pyramid is also in the line DH. 

(ii.) Now let equal weights 
w be placed at the four 
comers A, B,G, D. The c.g. 
of the weights at A ^ B^C is 
H ; hence that of the four 
weights also lies in the line 
DH. 

Similarly, if either of the 
other corners, such as be 
joined to /T, the C.G. of the 
opposite face, both the c.g. 
of the pyramid and that of 
of the four equal weights 
at (?, D must lie in the joining line AK. 

Therefore AK and DH must intersect in a point G, and 
6 will be the c.g. both of the pyramid and of the four 
equal weights at G, G, D. 

(iii.) Now the c.g. of the four weights w at A, B, C, D is 
the same as that of w at G, and Sw at H (since H is the 
C.G. of the weights at Aj B, G). Therefore G, the c.G. of 
the pyramid, is a point in DH, such that 

SGH = OG, or DG i GH = 3:1, 
whence GH = iDH, DG = ^DH. 

Cob. 1. ^ is the middle point of the line joining the middle points 
of opposite edges of the pyramid. 

This follows at once hy replacing the weights w a,t A, B hy a single 
weight 2w> at F, the middle point of AB, and the weights w at C, D by 
2w at the middle point of CD. 

Cor. 2. The lines joining the four comers of a triangular pyramid 
to the c.o.’s of the opposite faces all pass through one common point 
0, and are there divided in the ratio of 3 to 1. Also the lines joining 
the middle points of pairs of opposite edges pass through and are 
bisected at the same point. 



Fig. 145. 
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177. To find the C.O. of a pyramid on any poly- 
gonal bane whatever. 

Let 1^ be the vertex, ABODE 
the polygonal base of the pyra- 
mid. Let H be the c.G. of the 
base. Then shall the c.G. of the 
pyramid be a point Q on VH, 
such that 

l/G^dQH, or 
and VG = iVH. 

For divide the pyramid into 
a number of triangular pyra- 
mids, having V for vertex and 
the triangles ABO, AOD, ADE 
for bases. Let /f, i, M be the 
c.G.’s of these bases. 

Consider the triangular pyramid VABC. Its c.G. 
divides VK in the proportion of 3:1; therefore it may 
be replaced by i its weight at V and f its weight at K, 

Let the weights of the other triangular pyramids be 
similarly replaced. Then the weights thus placed at /f, 
i, M are proportional to the volumes of the pyramids, 
and therefore to the areas of their bases (since they have 
the same altitude). Hence the c.G. of these weights is //, 
the c.G. of the area of the base. 

Therefore the whole pyramid is replaced by J its total 
weight at V and f its total weight at //, Therefore its 
c.G. divides VH so that VG ^ SGH, as was to be proved. 

178. To find the C.O. of a cone. 

Draw any polygon circumscribing the base of the cone 
and complete the pyramid, having this polygon for base, 
and having its vertex at the vertex of the cone. This 
pyramid will circumscribe the cone, but, if the number of 
faces of the pyramid be made sufficiently great, the 
pyramid will not differ perceptibly from the cone.* 



• For fresli faces may be added by slicing off the sharp edges of the slant surface 
of the pyramid, and this process continued till the pyramid is smoothed down to 
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Hence what holds good for the c.o. of a pyramid must 
also hold good for the c.G. of a cone. 

Therefore the c.G. of a cone is in the line joining the 
vertex to the c.G. of the base, and at a distance from the 
latter point equal to J the distance of the vertex. 

In a right circular cone (the only kind of cone we have 
to consider) the c.G. is, of course, in the aods^ at a distance 
from the base of the altitude of the cone. 

179. To find the 0.0. of the Biant surface of a regular 
pyramid, and of a right circular cone. 

The slant surface of the pyramid whose vertex is V and base any 
polygon consists of a number of triangles VBC, VCD. 

The c.o. of each triangle is at a distance from its base equal to } the 
distance of the vertex V. 

Hence the c.o. of the whole surface is at a height above the base 
equal to } the altitude of the pyramid. 

And therefore, if the pyramid is regular^ the c.o. must lie in its 
axis VH (which is perpendicular to and passes through H the centre of 
the base) at a point such that 

HG^iHV and GV ^HV. 

If the number of faces of the pyramid be sufficiently increased, the 
slant surface of the pyramid will ultimately become the slant surface 
of a cone. 

Hence the c.o. of the slant surface of a right circular cone is on its 
axis, at a distance from the base equal to \ of the altitude. 

Observations. — In the above investigation, the surface of the base 
is not taken into account. If we wanted the c.G. of the whole 
surface-area, including the base, we should have to apply § 166. 

The c.G. of the slant surface of any pyramid or cone whatever is at 
a distance from the base equal to J the altitude; but, unless the 
pyramid or cone is symmetrical about its axis, there is no simple rule 
for finding the point where the line VG produced meets the base. 
This point is not, in general, the c.o. of either the area or perimeter 
of the base. 


Summary of Results. 

The centre of gravity of 

(1) a triangular area is the point of tri section of any 
median furthest from the corresponding vertex. 
It coincides with the c.G. of three equal particles 
placed at its vertices. (§§ 168, 169.) 
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(2) a pyramid or a right cone is in the line joining its 
vertex to the c.G. of the base at a distance from the 
base equal to J of the distance of the vertex from 
the base. (§§ 176-178.) 

If w be the weights of a body and of a portion of it, 
and if their c.o.'s are at 0 and (?, the c.G. of the remaining 
portion is at a point 6 in 00 produced through 0, such that 

OG = CO. (§ 173.) 

W — w 

If a?!, ajj, ajj ..., t/u ya* 2/8 ••• be the distances of a series 
of weights ,,, from two perpendicular straight 

lines OK, OX, respectively, the distances x, y of the C.G. of 
these weights from OK, OX are given by 

- _ ^ rsi74) 

The work done in raising a number of weights is the same 
as if their total weight were collected at their c.G. (§ 175.) 

EXAMPLES XII. 

1. How would you determine the centre of gravity of a hoop that 
was not quite circular ? 

2. A uniform isosceles triangle has its two equal sides each 5 ft. long, 
and its hase 8 ft, long ; find its centre of gravity. If its weight be 
6 lbs., and a weight of 10 lbs. be hung at the vertex, find the centre of 
gravity of the whole. 

3. Weights of 2 lbs., 7 lbs., 9 lbs., 4 lbs. are placed at the comers 
A, B, C, D, respectively, of a square, the length of whose side is 1 ft. 
Find the position of the c.o. of the weights. 

4. Weights of 3 lbs., 5 lbs., 2 lbs., and 6 lbs. are placed at the 
comers A, B, 0, D, respectively, of a square, the length of whose side 
is 8 ins. Find the position of the centre of gravity of the weights. 

6. ABCD is a square, 0 the point of intersection of its diagonals, 
E, F the middle points of the sides AB, AD, If the square AEOF be 
removed, find the centre of gravity of the remainder. 

6. Find the centre of gravity of the remaining portion of a parallelo- 
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gram when a triangle has been cut off from the parallelogram hy a 
single straight cut. 

7. ABCD is a square ; £ and F are the middle points of AB, AD, 
If the triangle AEF be removed, find the centre of gravity of the 
remaining area. 

8. Assuming the rule for finding the centre of gravity of a 
triangular pyramid, prove the rule for finding that of a pyramid 
whose 'base is a four-sided figure. 

9. Prove that if equal triangles be cut from the comers of a given 
triangle by lines parallel to the respective opposite sides the centre 
of mass of the remainder will coincide with that of the triangle. 

10. If there are two triangles on the same base and between the 
same parallels, prove that the distance between their centres of gravity 
is one-third of the distance between their vertices. 

11. ABCD is a square, 0 the intersection of its diagonals. If the 
triangle is removed, find the centre of gravity of the remainder. 

12. If the angular points of one triangle lie at the middle points of 
the sides of another, show that the centres of gravity of the triangles 
are coincident. 

13. A cylinder of metal is 1 ft. high, 1 ft. external diameter and 
11 ins. internal diameter and 11 ins. deep inside. It is open at the top. 
Find the position of its centre of gravity. 

14. Determine the c.o. of a cone and of a frustum of a cone. 

15. A comer of a square sheet of paper is doubled over to the 
middle of the square. Show that the centre of gravity of the paper is 
at a distance from the centre equal to ^ of the diagonal. 

16. Find the number of foot-pounds of work required to wind up a 
given chtun which hangs by one end. 

17. Find the c.o. of a circular board, from which a circular piece 
has been cut out, having as diameter a radius of the board. 

18. Prove that a triangular plate cannot stand vertically with its 
base resting on a horizontal plane if its vertex overhangs the base by 
more than the length of the base. 
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19. Three particles are situate at A, B, C, Prove that, by properly 
adjustiug the ratios of their masses, their centre of gravity can be 
made to occupy any given position within the triangle ABC. 

20. Find the ratios of the masses in Question 19 when the centre 
of gravity is at the centre of the inscribed circle. 

21. A circular wire is divided into two parts by a chord. Prove 
that the distances of the centres of gravity of the parts from the centre 
of the circle are inversely proportional to the lengths of the parts. 

22. A solid figure is formed of an upright triang^ar prism sur- 
mounted by a pyramid ; if the length of every edge of this figure be 
a ft., find the height of its centre of gravity above the base. 

23. A square uniform plate is suspended at one of its vertices, and 
a weight equal to half that of the plate is suspended from an adjacent 
vertex of the square. Find the point where the vertical through the 
point of susi>ension cuts the opposite diagonal of the square. 

24. Two sides of a rectangle are double of the other two, and on 
the longer side an equilateral triangle is described. Find the centre 
of gravity of the lamina made up of the rectangle and the triangle. 

25. Masses of 1, 2, 3, 4, 6, 6, 7, 8 lbs. respectively are placed at 
the comers of a cube ABCDEFGHf whose edge is 1 ft. and whose faces 
ABCDy EFGH are horizontal, ABCD being uppermost. How many 
ft. -lbs. of work are done in exchanging the masses at Ay By Cy D 
with those at £, F, Gy H? Hence find the vertical distance through 
which the common centre of gravity has been raised. 

26. A shaft, 560 ft. deep and 5 ft. in diameter, is full of water ; 
how many ft. -lbs. of work are required to empty it P 

27. ABC is a plane triangle. Weights of 2 lbs., 2 lbs., and 1 lb. 
are placed at the vertices, and their centre of gravity G is found. 
Then weights of 8 oz., 8 oz., and 14 oz. are placed at the same 
vertices, and their centre of gravity H is found. Prove that G and H 
are equally distant from the centre of gravity of the triangle. 

28. Two circles of radii d, b touch one another internally, and the 
space between them is cut out of paper. Show that the distance of 
its c.G. from the point of contact of the circles is (a® + ab + 5®) 4 - (» + 5), 
and find this distance when b approaches and becomes equal to a. 
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EXAMINATION PAPER V. 

1. Define the centre of a system of parallel forces, and state a 
* method of finding its position when there are more than two forces. 

2. If a body be suspended from a point, prove that its centre of 
gravity is vertically below that point. 

3. Having given the c.o. of a body and that of one part, find the 
c.G. of the remainder. 

4. Prove that the centre of gravity of a uniform triangular area 
coincides with that of three equal heavy particles placed at its angular 
points. 

5. The centre of gravity of a quadrilateral lies in one of the 
diagonals. Prove that one of the diagonals is bisected by the other. 

6. How would you test the nature of the equilibrium of a body at 
rest ? 

Point out the advantages of three-legged and four-legged 
tables respectively. 

7. Find the centre of six like parallel forces of 3 lbs., 2 lbs., 3 lbs., 
4 lbs., 5 lbs., 2 lbs. acting at points Ay By Cy Dy £, F in a straight line 
such that ABy BCy CDy DEy EF equal 2, 2, 4, 4, and 3 ins. respectively. 

Where would the resultant act if the forces at D and E were in 
the opposite direction to the rest P 

8. The lid of a cubical box of uniform thickness is turned back till 
it comes into a horizontal position. If each edge of the box measures 
12 ins., what is the position of the centre of gravity of the box P 

9. Find the centre of gravity of a uniform triangular pyramid ; 
and prove that its position coincides with that of four spheres of equal 
weight centred at the four angles of the pyramid. 

10. The triangle formed by joining the middle points of the sides 
of a given triangle is removed. Find the position of the centre of 
gravity of the remainder. 
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BALANCES. 

180. In tliis chapter we shall describe the various 
contrivances by which bodies are usually weighed. 
Remembering that weight is proportional to mass, we 
observe that the operation of weighing by balancing a 
body with known weights affords in every case a correct 
measure of the mass or quantity of matter in the body in 
pounds or grammes or other chosen units, and that the 
observed weight is independent of any local variations in 
the intensity of gravity {DynamiGS, Chap. VIII.). 

181. The common balance (see Fi?. 147, p. 192) con- 
sists essentially of a beam or ^ever AB fixed so that it can 
turn about a fulcrum 0 placed a little above its middle 
point. From its ends are suspended two scale pans; the 
goods to be weighed are placed in one of these, and are 
balanced by placing suitable weights in the other, till the 
beam assumes a horizontal position. 

In delicately constructed balances, the fulcrum and 
points of suspension consist of wedge-shaped pieces of 
hard steel (called “ knife blades ”), whose edges rest on 
bard plates of steel. 

The requisites of a good balance are that it be 
(i.) true, (ii.) stable, (iii.) sensitive, (iv.) rigid. 
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182. Condltioiui to be satisfied by a true balance.— 

A balance is said to be true if the beam assumes a hori- 
zontal position when equal weights are placed in the two 
scale pans. This requires that — 



(i.) Jhe two arms of the beam must he of equal length, 
that is, ^0 = BO, or the fulcrum 0 must be in a line HO, 
bisecting at right angles the line AB, which joins the 
points of suspension of the two scale pans. 

(ii.) The scale pans must he of equal weight. 

(iii.) The c.G. of the heam must he vertically under the 
fulcrum when the heam is horizontal, and therefore also 
in HO. 

« 

When these conditions are satisfied, equal weights 

placed anywhere whatever in the scale pans will balance 
each other with the beam horizontal. 

For, smce the scale pans hang freely from the heam at A and B, they 
will assume positions in which the c.g. of each pan and its contents is 





iy8 

vertically below its points of suspension.* Hence tbe total weights of 
the pans and their contents always act vertically through >1, B (Fig. 
148, p. 194). Those weights are equal ; therefore their resultant acts at 
H, the middle point of AB. Also the weight of the beam acts at G, its 
c.o. But when the beam is horizontal, H are both vertically below 
the fulcrum 0. Hence the resultant forces at H have no moment 
about Oi and the beam is in equilibrium. 

183. Conditions that the balance may be stable. — 

A balance is said to be stable if the beam tends of its 
own accord to fall into its equilibrium position. A 
balance would evidently be useless for weighing if its 
equilibrium position were unstable or even neutralX^ 160). 

A balance is said to be more or less stable according to 
the comparative readiness or reluctance of the beam to 
assume its equilibrium position 

Stability is secured by placing 0, the fulcrum of the 
beam, a little above the points 6, //, at which the resultant 
weights of the beam and the two pans act respectively. 

For, if the beam be slightly inclined (Fig. 148), the equal weights of 
the two loaded scale pans still act A f B, and their resultant therefore 
still acts at Hf. And the moments about 0 of this resultant at //, and 
the weight of the beam at G, both tend to restore equilibrium by 
bringing the beam back to its hdrizontal position. 

If the fulcrum 0 is only at a vert/ little height above G, //, the 
moment tending to r<?store equilibrium will be very small, and the 
balance will oscillate for a long time before coming to rc'st, and will 
therefore possess very little stability. If goods have to be weighed 
quickly, the stability may be increased by increasing the hi'ight of the 
fulcrum Of thereby increasing the moment about 0 for any inclination 
of the beam. This, however, diminishes the sensitiveii ss of the 
balance, as we shall now explain. 


• If one of the weights (^, Fig. 147) is placed a little on one side in th<‘ scale pan 
instead of in the middle, the pan will swing itself a little to the other side sd as to 
bring its c.o. vertically below the point of support B. The student .should verify 
this by experiment. 

t The point H is not the c.o. of the scale pans and their contents, bi;t is the 
centre of parallel forces for their weights acting at >4, 5. It may or may not coincide 
with Q. 

STAT. 
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184. Conditions that the balance may be sensitive. 

— It is not sufficient that a balance should show when the 
weights in the scale pans are equal. It must also indicate 
when they are unequal by the beam assuming a non- 
horizontal position. This is expressed by saying that the 
balance must be sensitive (or, as some writers call it, 
“sensible”). In a sensitive balance, a small additional 
weight placed in one scale pan should turn the beam 
through a perceptible angle, and the smallest weight 
which suffices to do this affords a measure of the sensi- 
tiveness and of the degree of accuracy attainable in 
weighing. 

Thus a good chemical balance will indicate differences 
of weight down to tenths of a milligramme. 

In order to enable the smallest deflection to be observed 
with great accuracy, the beam carries a vertical index or 
pointer /, which moves in front of a fixed graduated 
scale S, 

Sensitiveness maybe secured at the expense of stability 
by reducing the height of the fulcrum 0, and by 
lengthening the arms. 


For let a be the length, of 
the arms AH, HBf Q the weight 
of each scale -pan and its con- 
tents, 7F that of the beam. 

Let a small additional weight 
w be placed in the scale -pan at 
A. The moment of this weight 
about 0 is initially tcay and it 
turns the beam out of the hori- 
zontal position untilit isbalanced 
by the moment of the original 
v\* eights (i.tf., JF at G and 2^^ at 
A/), tending in the opposite direction. lienee the greater the sensitiveness, 
the smaller must be the moment tending to restore equilibrium when 
IV is removed, and the smaller therefore the stability of the balance. 

By increasing the arm a, we may obtain the same moment with a 
smallor weight «*, and thus increase the sensitiveness, whilst, according 
to the Imt article^ the stability would bo unaltered, since it depends 
only on the heights GO, HO. Practically, however, the effect of 
lengthening the arms is to make the beam oscillate for a longer time 
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before coming to rest ; hence it is impoBsiblc to attain rapid weighing 
with a highly sensitive chemical balance. 

In a balance so constructed that H coincided with the fulcrum 0, 
the beam would be in neutral equilibrium in any position with equal 
weights in the scale pans, but the slightest inequality in the weights 
would turn the beam right over. Such a balance would be highly 
sensitive, but would have no stability, and would therefore be prac- 
tically useless. 

185. Higidity. — The balance must have a beam 
sufficiently strong not to bend under the weights which 
it has to carry. For this purpose a short thick beam 
would be preferable to a long thin one, but it would of 
course be less sensitive. To secure the gi’eatest strength 
consistent with lightness, the beam is usually made in the 
form shown in Fig. 147. 

186. False balances. — Double weighing. — A balance 
will evidently be false if — 

(i.) The arms are of unequal length. 

(ii.) The scale pans are of unequal weight. 

(iii.) The beam is improperly balanced. 

The method of double weighing will always give the 
correct weight of a body, however false tlie balance used. 
The process is as follows : — Place the body in one scale 
pan and balance it with suitable counterpoises (p.g., small 
shot or line sand) placed in the opposite pan. Now 
remove the body and replace it by weights sufficient to 
balance the counterpoises, and to bring the beam to the 
same position as before. These weights are evidently 
equal to the required weight of the body, for they act 
under exactly the same circumstances and produce exactly 
the same effect. 

187. To test the trneness of a balance, a body is 
weighed first in one scale pan and then in the other. If 
the two observed weights are equal, the balance is true, 
and each is equal to the true weight of the body. If not, 
the balance is false, and we have the following cases to 
consider : — 
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Case 1. When the arms are of unequal length, but 

the weights of the scale pans balance one another with 
the beam horizontal. 

Let a, h be the lengths of the arms. Let W be the true 
weight of a body, P, Q the weights required to balance it 
when it is weighed first in one scale pan and then in the 
other. Then, by taking moments about the fulcrum, 


we have Wxa = P xb (i.), 

and Wxh ^ Qxa (ii.) 

By multiplication, W^ah = PQahy or 

TP=:PQ. 

Therefore W = V'(PQ) (iii.), 


that is, the true weight is the geometric mean* between the 
observed weights. 

The moments of the weights of the beam and scale pan do not come 
into the above equations, because they balance one another in the 
horizontal position of the beam. 

To compare the lengths of the two armsj we have, by (i.), (ii.), 



giving the ratio ajh. When this is known, the true weight of any 
body may be found by weighing once and multiplying the observed 
weight by a/b or bja, according to which arm the body is suspended 
from. 

When the inequalitg of the arms is small (as is the case in all actual 
balances) it is sufficiently accurate for all practical purposes to take as 
the true weight the arithmetic mean i (P+ Q) instead of the geometric 
mean v/(PQ), which would be harder to calculate. 

Exampies. — (1) The arms of a balance are in the proportion of 9 : 10. 
Sugar is weighed out against i-lb. weight, placed first in one scale 
pan and then in the other. To ’find the total true weight of the sugar. 

Since the two portions of sugar balance the ^-Ib. weight in the two 
pans, their actual weights are x ^ and J x lb. ; therefore true 
weight of sugar = + i^o) ^ =:= 1.,^ lbs. 

(2) The observed weights of a body when weighed first in one scale 
pan and then in the other are 101 lbs. and 99 lbs. If the discrepancy 


>J{PQ) is called the geometric mean between P and Q. 
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is due to the unequal length of the arms of the balance, find the 
error which would be made in taking the true weight to be 100 lbs. 

The true weight = ^(99 x 101) * \/99991bB. 

By calculation, ^/9999 « 99*995 * 100 -*006. 

Hence, by taking the arithmetic moan of the two weights, viz., 
100 lbs., as the true weight, we should only make an error of 
*006 lb., or per cent, of the whole, whereas, if we wore to take 

either of the observed weights 101 or 99 lbs., we should make an 
error of 1 lb., or 1 per cent. 

188. Case 2. When the scale pans are of unequal 
weight) but the arms are of equal length. 

This often happens in old balances on account of the 
greater wear and tear of the pan with the larger surface. 
It is sometimes corrected by fastening a piece of lead 
below the lighter pan, or filing down the heavier pan. If 
this is not done, the beam will not be horizontal when the 
pans are empty, so that the error may be easily detected. 

Let i?, q be the weights of the two pans, P, Q the weights which, when 
placed in them, respectively, will balance a body whose true weight is 

Then, since the total weights on the two sides of the beam are 
equal, JP+p — W^tq^ 

TF+p = Q + q ; 

... or 27r=P+Q,* 

?r=i(P+Q); 

that is, the true weight is the arithmetic mean of the observed weights. 

189. Case 3. When the C.O. of the beam is a little on 
one side, this also will throw the beam slightly out of tht; horizontal, 
and the effect will he the same as that produced by a slight inequality 
in the weights of the pans, from which, however, it may bo distin* 
guished by interchanging the two pans. It is corrected by filing the 
beam away on the heavier side till it balances horizontally. As in 
Case 2, tho arithmetic mean of the two weighings gives the correct 
weight. 

It follows that the correct weight of a hody is always the arithmetic 
mean of its apparent weights in the two scale pans except token the 
inequality in the anm of the balance is considerable. [But even in this 
exceptional case the method of double weighing of § 186 is correct.] 
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190. Iftoberval’s Balance. 

— This is a letter- balance in 
which the scale pans are 
hinged to two levers AEB^ 

CFDt which turn about their 
middle points f, F» When 
the balance is slightly dis- 
placed, one of the platforms 
goes up and the other goes 
down through exactly the 
same distance, and the platforms always continue to remain 
horizontal. Hence, if equal w^eights P, Q are placed 
anywhere on the pans, the works done by them in rising 
and falling will be equal and opposite, and will be the same, 
no matter whereabouts on the pans P, Q be placed. 
Therefore, by the Principle of Work, equal weights will 
balance one another whatever be their positions, although 
one may be nearer the fulcrums f, F than the other. 

191. The common or Boman steelyard consists of a 
beam Fig. 150) moveable about a fulcrum or knife 
blade C fixed near one end B. From B is suspended the 
scale pan containing the body to be weighed, and a 
moveable weight is slid along the arm CA until the beam 
balances horizontally. The arm is graduated in such a 
way that the reading P, at which the weight rests, 
indicates the required weight of the body. 

192. To graduate the common steelyard. — Let P 

denote the moveable weight. First let the scale pan be 
empty, and let 0 be the position of the weight P when 
the beam balances horizontally about C. Then the point 
0 must be marked 0 (zero). We notice that the shorter 
arm CB and scale pan at B must be heavy enough for 
their moments about 0 to balance those of the weight of 
the longer arm CA^ and of P acting at 0. 

Now let a weight W be placed in the scale pan. This 
weight acts on the beam at P, hence its moment about C 
is WxBC. To balance this added moment, we must 
increase the moment of P by an equal and opposite 



Fig. 148. 



BALANCES. 


199 


amoTint by moving it further away from the fulcrum. 
Thus, if P be the new position of P, its moment about 0 
is increased by FxCP—PxGO, that is, by PxOP. 

4-^-^ ^ ^ A 

0 ^ 


Fig. 150. 

Equating the added moments of P, W about C, we have 
therefore P x OP = Wx BCy 

or 0P=^xBC. 

Now let / denote the position of P when the unit of 
weight (say 1 lb.) is placed in the scale* pan. Putting 

TT = 1, vre have 0/ = i BC, 

Thei eforo OP = W . 01. 

Hence, if TT = 2 units, OP = 20/ ; 

if TF = 3 units, OP = 30/ ; 
if IT = I unit, OP = iO/ ; 
and so on. We therefore have the following rule: — 

Find, by actual trial, the points 0, / at which P must he 
'placed when the scale pan is empty and when it contains the 
%mit of iveight, respectively. From 0 measure off on OA 
successive multiples and suhmultiples of the length Oh Their 
extremities will he the points of graduation for the corre- 
sponding multiples and suhmultiples of the unit of weight. 

193. Modifications of the common steelyard. — Weighing 
machines. 

In order to use the common steelyard for widely differing weights, 
it would he necessary either to make the arm very long, or to bring 
the graduations very close together : in one case the beam would ho 
liable to bend ; in the other it would lose much of its sensitiveness. 
For this reason most steelyards (such as the common weighbridge or 
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weighing machine of railway stations) carry a scale pan attached to 
the longer arm at and larger weights 28 lbs., 56 lbs., 1 cwt., 
&o.) are measured by a set of weights plac^ in this scale, smaller 
weights only (^.y., 0 to 28 lbs.) being read off on the arm by the 
sliding weight. And, since the arm CA is many times longer than 
CB, each of the weights used in the scale at A is marked to represent 
a weight many times larger than itself. Thus heavy goods can be 
weighed by means of weights that are quite handy to lift. 

This mechanical advantage is further increased in most weighing 
machines by means of levers placed underneath the platform carrying 
the goods. 

In a chemical balance, small weights (milligrammes) arc measured 
by a “ rider ” moved along the beam like the moveable weight in a 
steelyard. 

*194. The Danish steelyard (not used in this country) 
has no moveable weight, but the fulcrum itself is move- 
able, and generally consists of a loop of string from which 
the beam hangs. The end A of the beam is loaded, so 
that when the scale is empty it balances about a point 0 
very near that end. 0 is therefore the point at which the 
resultant weight of the beam and scale acts. 

If now a series of 
weights of 1 lb., 2 lbs., 

3 lbs., &c., be placed in 
succession in the scale, 
the fulcrum will have to 
be moved nearer and 
nearer towards the end 
Bf for the greater the 
weight at B, the nearer 
must the balancing point 
be to B. By marking on the beam BA the successive 
points about which it balances, the steelyard will be 
graduated in lbs., and similarly it may be graduated in 
grammes or for any other set of weights. 

*195. To find a mathematical formula for the positions 
of the graduations. 

[In examination papers the favourite question ** Show how to 
graduate the Danish steelyard ” refers to the following mathematical 
formula, although, pyaeticdlly, the graduations can be found much 
more easily by actual trial, as explained above.] 

Let W be the weight placed in the scale pan at B, and let P be the 
whole weight of the beam and scale pan acting at 0. Then, in order 
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to balance, the fulcrum will have to be moved from 0 to a point C, 
Buoh that the moments about 0 of P at 0 and W at B are equal and 
opposite, or JFxBC = JPx CO. 

The graduations on the Banish steelyard are not equidistant. Sup- 
posing W to be n times P, we have 

nBC « CO ; 

BO = BC + CO = (w+l)flC, 

or BC = ^-BO. 

« + l 

Putting M = 1, 2, 3, we see that the distances BC corresponding to 
weights P, 2P, 3P ... are respectively J, J, i ... of £0. It readily 
follows that the distances between the graduations grow less and less 
towards the end B. 

[The numbers 1, ^ are the reciprocals of 1, 2, 3, 4 ..., and the latter 

numbers are in arithmetical progression. Now a series of the reciprocals of 
numbers in arithmetical progression is called a harmonic progression. 
Hence the distances of tlie successive graduations from B are in harmonic 
progression.] 

196. The bent lever balance commonly used for weighing 
letters and small parcels consists essentially of a hont lever (usually 
cut out of a sheet of metal), whose arms include rather more than a 
right angle. The longer arm is so heavy as to rest nearly vertically 
in the position of equilibrium, but when a letter or parcel is suspended 
from the shorter arm, the moment of its weight turns the lever round. 
The inclination of the longer arm to the vertical in its new position of 
equilibrium determines the weight of the latter, and is read off by 
means of a pointer in front of a graduated scale arrangc'd in various 
ways with which the reader is doubtless familiar. Unlike the other 
balances hero described, the bent lever balance falls into its equilibrium 
position of its own accord without any adjustment of weights, &c., so 
that letters can he weighed very rapidly by it. A mathematical 
formula for the positions of the graduations can be obtained, but prac- 
tically they are found by trial. 

Summary of Results. 

The requisites of a good balance are that it should be 

(1) true, i.e., the beam should be horizontal when loaded 

with equal weights. 

Conditions. — Equal arms, scale-pans of equal 
weight, beam properly balanced. (§ 182.) 

(2) stable, i.e., the beam should return to its equilibrium 

position when displaced. 

Conditions. — c.Q. and middle point of beam heli)W 
knife blade. (§ 183.) 


aT*T, 


p 
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(3) sensitive^ i.e., the beam seosibly deflected when weights 

slightly aneqnal. 

Conditions, — Height of knife blade small, arms 
long. (§ 184.) 

(4) rigid, i.e., beam not bent by weights. (§ 185.) 

With a false balance the true weight of a body may be 

found by double weighing. (§ 186.) 

If the arms are unequal, W, the trne weight, is the 
geometric mean of P, Q, the observed weights in the two 
pans, i.e., W = V'(P<2). (§ 187.) 

If the scale pans are of unequal weight, the true weight 
is the arithmetic mean of the observed weights, i.e., 

Tr=t(P+Q). (§188.) 

In the common steelyard, a weight is moveable along 
the beam; graduations equidistant. (§§ 191, 192.) 

In the Danish steelyard, the fulcrum is moveable, the 
weights fixed. (§ 194.) 


EXAMPLES XIII. 

1 . Describe some form of weighing-machine, and explain carefully 
why the indication of the machine does not depend on the position of 
the body to bo weighed on the platform. 

2. A balance consists of a uniform rod, of length 18 ins., and 
weight ~ J lb., the fulcrum being J in. to one side of the c.o. of the 
rod. If 1 lb. be in the scale attached to the shorter arm, find how 
much tea a customer has weighed out to him in the other scale. 

3. In a steelyard the distance of the fulcrum from the point of sus- 
pension of the weight is 1 in. and the moveable weight is 6 oz. To 
weigh 16 lbs. the moveable weight must be placed 8 ins. from the 
fulcrum. Where must it be placed to weigh 24 lbs. ? 

4. The arms of a balance are 7 ins. and 8 ins. respectively. A body 
when suspended successively at the two extremities appears to weigh 
4 lbs. and lbs. Is the beam of the balance uniform ? 

5. Can the steelyard be employed to determine whether or not the 
weight of a body is the same in different places P 

6. If a Danish steelyard weighs 6 lbs., and if to weigh 15 lbs. the 
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folorum must be placed 3 ins. from the point of suspension of the 
weight, where must it be placed in order to weigh 7 lbs. P 

7. A uniform rod 2 ft. long and weighing 3 lbs. is to be used as a steel- 
yard. The fulcrum is 2 ins. from one end of the rod, and the sliding 
weight is 1 lb. Find the greatest and the least weights which can be 
determined by this machine ; and also where the sliding weight must 
be placed to indicate a weight of 20 lbs. 

8. "Write down the weights of a set of five weights capable of 
weighing any exact number of pounds from 1 to 31 lbs., (i.) if no 
weights are placed in the scale pan containing the goods, (ii.) if 
weights are placed in either scale pan. 

9. A shopman using a common steelyard alters the moveable weight 
for which it has been graduated. Determine whether he cheats 
himself or his customers. 

10. A balance has a weight attached to its beam below the centre of 
gravity. Is the sensibility of the balance greater when the weight is 
hung freely by a string, or when it is rigidly attached to the balance ? 

11. A Danish steelyard has the loop forming the fulcrum removed, 
and it is hung from a peg by two strings attached to the end of its 
bar. If a plumb-line be hung from the same peg, prove that the 
graduation on the bar which falls opposite the plumb-line will 
indicate the correct weight of a body placed in the scale-pan. 

12. A spring-balance hangs from the shorter arm of a lever, and in 
weighing goods, the scale pan is raised from oflf the ground by pulling 
down the longer arm of the lever and thus lifting the balance. A 
person stands in the scale pan and pulls himself up in this way, and 
the balance indicates a weight of 8 stone. If the arms of the lever 
are 6 ins. and 2 ft. long respectively, find the man’s true weight. 

13. It is desired to change the moveable weight, 2 oz., of a steel- 
yard for one of 1 lb. Show that there will be no necessity to alter the 
graduations, provided a weight equal to 7 times the weight of the steel- 
yard is suspended at its centre of gravity. 

14. There are no graduations on a certain Danish steelyard, and its 

weight is not known but, by hanging up from the end >4, weights 
P lbs. and Q lbs. in succession, it is found that the corresponding 
distances of the fulcrum from A are a and i ins. respectively. Find 
the position of the centre of gravity of the instrument, and show that its 
weight is — aP)/ (a — J) lbs. 
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EXAMINATION PAPER VI. 

1. Explain why in a common scale pan or letter balance it does not 
matter whereabouts on the pan the weights are placed ; although they 
may be sometimes near, and sometimes further oR, the fulcrum. 

2. Describe the common steelyard, and show how to gpraduate it, 
and that the graduations are equidistant. What advantage is gained 
by the use of a steelyard F 

3. Describe the Danish steelyard with fixed counterpoises, and 
show that the distances between the points of graduation on the load 
arm form a harmonical progression. 

4. Explain the method of double weighing in a balance, and show 
that any inequality in the arms of the balance will not affect the 
accuracy of the result obtained. 

5. A steelyard is correctly graduated when new; but, by the 
wearing away of the rod, the weight of the rod and the position of its 
centre of gravity are slightly changed. It is found that a body 
appearing to weigh 2 lbs. in reality weighs 2 lbs. and ^ oz. Find the 
true weight of a body appearing to weigh 10 lbs. 

6. Find an expression for the whole amount of work done in raising 
several weights through different heights. 

7. A uniform beam weighs 1000 lbs. and is 20 ft. long. It hangs 
by one end, round which it can turn freely. How many foot-pounds 
of work must be done to raise it from its lowest to its highest position ? 

8. A thread 9 ft. long has its ends fastened to the ends of a weight- 
less rod 6 ft. long. The rod is supported in such a manner as to be 
capable of turning freely round a point 2 ft. from one end. A weight 
is placed on the thread, like a bead on a string. Give a diagram 
showing the position in which the rod will come to rest. 

9. Find the centre of gravity of equal masses placed at each of five 
of the corners of a regular hexagon. 

10. Two equal heavy spheres of 1 in. radius are in equilibrium 
within a smooth spherical cup of 3 ins. radius. Show that the thrust 
between the cup and one of the spheres is double the thrust between 
the two spheres. 



CHAPTER 

ON TRIGONOMETRY AND MENSURATION. 


1. Trigonometry is that branch of mathematics which deals with 

angles. 

2. The units of angular measure are the subdivisions of a right 
angle defined as follows : — 

1 right angle = 90 degrees, denoted by 90° ; 

1 degree or 1° = 60 minutes, denoted by 60' ; 

1 minute or 1' = 60 seconds, denoted by 60". 

3. Particular right-angled triangles. 

By Euc, I. 47, + - AC\ where Z ABC = 90®. 



Thus the numbers 3, 4, 5, or their multiples 6, 8, 10), are 
proportional to the sides of a right-angled triangle^ for 9+ 16 = 25, i.e. 
33+42 = 52 . These numbers should be remembered . Another such 
set is 6, 12, 13, for 52 - 26 x 1 = (13+ 12) (13-12) = 132-122, and 

62 + 122 » 132 

ST>T. O 
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4. The trigonometrioal ratios of an angle. 

If >IX be a fixed straight line, and we imagine a straight line AQ, 
initiaUy coincident with and equal to AX^ to revolve round A in the 
direction indicated by the arrow, ue, counter-clockwise, it coincides 
with K when it has turned through 90° and is perpendicular to AX^ 



Fig. 2. 

with AX' in AX produced when it has turned through 180°, with A Y' 
in. AY produced when it has turned through 270°, and again with AX 
when it has turned through 360°. Thus the point 0 traces out the 
circumference of a circle, and the line AC traces out angles from 0° 
onwards. 

Draw CB perpendicular to AX or AX produced. 

Then in every position of the point C, 

BCt the side of A ABC opposite to the Z at is termed the perpen^ 

dicular of Z.BAC; 

ABi the side of A ABC adjacent to the Z at 4, is termed the base ; 

and AC, the hypotenuse of A ABC, is termed the hypotenuse, 

11 A he the measure of Z BAC, the trigonometrical ratios are defined 
as follows : — 


' ” hypotenuse 

BC perpendicular 
* AB ’* base 
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4 

) (.and is written. 


cosine ,, 

»> 

00,^; 

tangent ,, 


tan A. 


6. The order of the letters is important, especially when the lines 
represent velocities or forces. Thus sin BAC must be written 
B€ AG and not = -f AC. 


6. If C be between X and K, I X AC is said to be in the Ist quadrant ; 
>1 >> Y it X ff fj ,, 2nd ,, 

»J ft X yf y yy yy yy 3rd ,, 

>) ft y tt it tt it 4th ,, 


7. FositiTre and negative trigonometrical ratios. 

The line AB when measured in the direction AX is considered posi- 
tive ; when in direction AX' it is considered negative. In the same 
manner the line BC when measured in direction ^ K is positive, and 
when in direction A Y' negative. 

The hypotenuse >IC is considered positive in all positions. 

Thus AB is positive in the first and fourth quadrants, and is nega- 
tive in the second and third quadrants ; BC is positive in the first and 
second quadrants and negative in the third and fourth quadrants. 

Therefore angles between 0° and 90° have their 
sine positive (+), cosine positive (+), tangent positive (+), 
and angles between 90° and 180° have their 
sine positive (+), cosine negative (-), tangent negative (—). 

8. To find the trigonometrical ratios of an angle of 46°, 

Draw a square ABCDy and draw the diagonal AC. (The student 
can supply the figure.) 

Then I BAC ^ half a right angle ^ 46°, 

I CBA == a right angle = 90® ; 

AC^ « AB'-^BOK (Euc. T. 47.) 

Also AB = BC ; 
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AC^ -= 2AP - 2fl£N ; 

AG - V'-A . >(fl = ^2 . fiC : 

= -i, co«4B° = ^ = -^, tan 46° = f§ - 1. 

AC VS VS ^6 

Corollary. — If the angles of a triangle he 45°, 45°, and 90°, the 
sides are proportional to 1, 1, and a/2. 

9. To find the trigonometrical ratios for an angle of 30°. 

Draw an equilateral triangle ABC> Join A to f), the middle point 
of BC, Then the triangles ABD^ ACD are equal in every respect. 

But the three angles of an equilateral triangle are all equal, and 
are together =* two right angles = 180° ; therefore each = 60°. 

DBA ^60^ ; A 

.-. lDAB^Z(f. /|\ 

Also lADB L ADC = 90° ; / j \ 

AB^ = AD^ + DB!^. (Euc. I. 47). Z- I \ 

But AB = CB = 2DB ; ® ^ ° 

Fig. 3. 

40^2 =. AD^ + DB^ or >10- - ZDB ^ ; 
AD^VS.DB; 

siiiSO° *» ~ = cos 30 ° = ^ =* ■*■***' ®^° — ^ 

AB 2’ 


tan30° = - 


Corollary. — If the angles of a triangle bo 30°, 60°, and 90°, the 
sides opposite these angles are proportional to 1, a/ 3, and 2. 


10. To find the trigonometrical ratios for an angle of 60*. 

Take the figure of § 9. Then Z CBA = 60°. Therefore 


sin 60 ^ 


cos eo*^ = ' 


taaeO° = = V3. 


1 1 . To find the trigonometrical ratios of an angle of 0°. 

If the angle BAG is zero, AC will coincide with AB, and C with 
and the perpendicular will vanish. q 

.*. AB^AC and BC^O; A g 

Fig. 4. 

••• •*“‘>“ = Jc = 0, oo.O°^J® = l. tan0°=j|-O. 
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12. To find the trififonometrical ratios of an angle of 90®. 

Let DAC = a right angle « 90®. Then, if C 
CB is drawn perpendicular on ADj CB will 
coincide with CA^ and B with A ; 

BC — AC and AB = ^ \ 


sin 90® 


'AC 


1, COS 90® 


63 

^ AC 


= 0 , 


tan 90® «- 


AB 


BG 

0 


Fig. 5. 


where oo stands for ** infinity.” For, if BC — a, wo shall find that 
0 will divide into a any number of times and still leave a remainder a; 
hence a -f- 0 must be greater than any number however great, and we 
write this fact thus : a -j- 0 = c». 

[It is also useful to observe that a -i- oo z= 0 unless a * oo. 


13. Table. — The trigonometrical ratios for the above angles an; 
given in the following table, which should he remembered. 

Angle 0° 30° 46® 60° 90° 


sin = 

0 

1 

2 

1 

^2 

-v/3 

2 

1 

cos = 

1 

2 

1 

V'l ! 

1 

2 

0 

tan = 

0 

'CO 



1 

a/3 

CO 


If there be any difficulty in fixing these in the memory, it may be 
noticed that, for the common angles, 0°, 30°, 45°, 60°, 90°, the sines 
are the square roots of 

O 1 2 A 

4 ’ 4 ' 4 ’ 4 ’ 4 * 

the cosines are the square roots of 

4 3 ^ O.. 

4 ’ 4 ’ 4 ' 4 ’ 4 ’ 

and the tangents are the s<iuare roots of the first series of numerators 
divided by the corresponding numerators of the second series. 

Note that the series of values of the cosines is the same as the 
series for sines written backwards ; and each tangent is the corre- 
sponding sine -f cosine. 
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14. To prove that = tan^. 

COB A 


sin A -f cos A 


BC^43 ^ ^ 

>1(? ‘ >fC " AC AB 


AB 


= tnn A. 


16. To prove that (8lii^)2+(cos^)* = 1. 

By Euc. I. 47, >402 = AB^+BC ‘ ; 

This is -written sin^^+cos^ jl = 1. 


16. The tri^fonoinetrical ratios depend only on the an^le 

and not on the size of the right-angled triangle constructed in defining 
them. Thus sin 30° = I , and this tells us that in anj/ right-angled 
triangle having an angle of 30°, the perpendicular is ^ the hypotenuse. 
The same thing is illustrated by the other trigonometrical ratios 
tabulated in § 13, and it can bo proved generally for any angle by 
means of Euc. VI. 4. 


17. The angle 180°—^. is called the supplement of the angle .4. 

Let abac — A, Produce BA to B', and make L B'AC' = A B AC • 

Then ABAC' = 180^- A 

= supplement of -4. 

Take AC' — AC, 
and drop the perpendiculars CB, 

C'B'. 

Then the triangles BAC, B'AC' 
are equal in all respects, and AB, 

AB' are in opposite directions ; 

B'C' - BC, and AB' = -AB ; 

Bin (180°-^) = sin BAG' = - sin A, 

Atf AO 

008 (180°-^) = cos BAG' = ^ = -cos a. 

AC AC 

tea (180°-^) = tun BAG' = ^ - -tana. 

Ad —Ad 



X' B A B X 
Fig. 6. 
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Hence sin 120° — sin (180°— 60°) =« sin 60° «* 

and cos 120° = cos (180°— 60°) = — cosOO® =» — 

Similarly the sine, cosine, and tangent of 136° (= 180°— 46°), 
160°(=« 180°-30°), and 180°(« 180°-0°) can be found. 


18. Combining these results with those of § 13, we may extend our 
table as follows : — 


Angles 

0°, 30°, 46°, 60°, 90°, 120®, 135*, 160°, 180° 

sine 


\J°’ \/^ \/^ -y/f’ 

cosine 



sji 

yji’ ' 


It is, however, better not to remember the ratios of angles between 
90° and 180°, but to obtain thorn when required, from the ratios of 
their supplements, by the formulae of § 17. 


19. If the angles of a triangle be 30°, 30°, and 120°, the sides are 
proportional to 1, 1, and VS. 

Let ABC be the triangle, D tho middle point of the longest side BC, 



Then AD is perpendicular to BC. Hence 

Z ADB - 90°, and Z ABD = 30° 
BD^^VS.BA (§9, Cor.); 

BO -^2BD = VS.BA. 
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20. Hemlts in Mensuration. 

The following facts in Solid Geometry and Mensuration are 
assumed. The references given below are to the articles in Briggs 
and Edmondson’s Mensuration of the Simpler Figures^ where the 
reader will find the properties in question fully proved. Proofs of 
them are also given in most elementary treatises on Solid Geometry. 
The results alone need be remembered : — 


(1) The area of a triangle 


1 

2 


[base) X {altitude). 


(§ 46 .) 


(2) The area of a trapezoid {i.e. a quadrilateral with two 
sides parallel) «= {its height) x sum of parallel sides). (§49.) 


(3) The length of the circumference of a circle of radius r 

= IT X (diameter) 

-2wr; (}67.) 

where the Greek letter w pi ”) stands for a certain “incommensur- 
able ” number (that is, a number which cannot be expressed as an 
exact arithmetical fraction), whose value lies between 3*141692 and 
3*141693. The following approximate values should be remembered 
and used, unless otherwise stated. 


22 

IT = for all rough calculations; 
w = 3*1416, more approximately. 


(4) The area of the circle 

ss i (radius) x (circumference) 

2 

= irr*. (§ 68.) 


(6) The volume of a pyramid 

= (height) x (area of base) 

3 

(§106.) 

the height h being the perpendicular from the vertex on the plane of 
the base, and A the area of the base. 
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(6) The area of the oarved enrfhce of a cylinder, whose 
height is h and the radius of whose base is r, 

{height) x {eiretimference of base) 


(7) The volume of the cylinder 

= {height) x {area of base) 


(§116.) 


(8) The area of the curved surface of a right circular 
cone, whose height is h and the radius of whose base is r, 

•» {circumference of base) x {length of slant side) 

= irr V ; (§ 117.) 

a slant side being a line drawn from the vertex to a point in the 
circumference of the base. 

(9) The volume of the cone 

of cylinder of same base and height) 

3 

= 1 (§118.) 


(10) The area of the surface of a sphere of radius r 

= 4 times area of circle of same radius 
= (§ 126.) 

('ll) The volume of the sphere 

-■ i. {t'adius) X {surface) 

3 


(§§ 127, 128.) 
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Examples I. (Pages 19, 20.) 

1 . About 1 i lbs. wt. 2 . 16 lbs. 3 . 10 lbs. and 15 lbs. 

4 . (i.) SAPf where P divides BC, so that 3BP = 5CP. 

(ii.) 5PAy where P divides fiC, so that 2BP = 3CP. 

(iii.) 2APf where BG is produced to P, and 20 P ~ BC. 

(iv.) PAi where BC is produced to P, and CP = ^BC. 

(v.) 9^P, where BC is produced to P, and 2BC — 9CP. 

(vi.) PAf where BC is produced to P, and CP — SBC. 

5. 13 lbs. wt. 6. ^/3P, at right angles to 2P between 2P and 3P. 

7 . See § 19 ; 2a/ 2 in a north-easterly direction. 8 . 90*^. 

10 . Zero. 11 , In P, where {;m^k)BP ~ {fc — l}CP’ 

12 . Draw AF parallel to ED to meet BD in F. 


Examples II. 

(Pages 35, 36.) 

1 . (i.) 2^3 lbs. ; 2 lbs. 

(ii.) 8 oz. ; 8 oz. 

(iii.) 5 kilog. ; 5 V Skilog. 

(iv.) 0 ; 3 tons. 

(v.) —6 grs. ; 6 a/ 3 grs. 

(vi.) — I a/2 lbs. ; |a/2 lbs. 

(vii.) —4 a/ 3 cwt. ; 4 cwt. 

(viii.) — 4mgm. ; 0. 

(ix.) 6 stone ; 0. 


2 . 10 a/5 lbs. ; inclined to vertical at an angle whose cosine is 2 /a/5. 

3 . (i.) 1 lb. along each. 

(ii.) f lbs. along each. 

4 . (i.) 7 lbs. 

(ii.) 26 grammes. 

(iii.) 1 ton. 

(iv.) 6 kilog. 

(v.) 5 cwt. 

(vi.) 2A/71bs. 

(vii.) 6 a/3 lbs. 

(viii.) 4\/ 10 + 3 >/3 mgm. 

(ix.) 2v'l3-6-/3 oz. 
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5. 2v/39 Iba. 

6 . 12 Ibe. opposite to the 10-lb. force, and 2^/3 lbs. at right angles 

to this on the side remote from the 4-lb. force. 

8 . 2 35 — 18 a/ 2 Ibfl. between north and west. 9. 7 \/3 lbs. 

10. ^/3lb8. 

18. If P is > <2, Q and \/ ER* are jicrpendioular to each other. 

13. — 14;. — f. 15. 5 (a/O + 1) lbs. ; 5(a/3— l)lbs. 

16. 16-93 lbs., 10-65 lbs. ; 4-62 lbs., -78 1b. 


Examination Paper I. (Page 37.) 

1. See § 5. 2. See $§ 12, 13. 3. See § 16. 

AP 

4. 5 - - , in direction parallel to AP^ where BC is produced to P, 

Ad 

and 2BC = 5CP. 

5. See ^ 18, 20, 21. 6. See § 24. 7. See ^ 27, 29. 

8. Draw DF parallel to EA to meet AB in F. 

9. See § 31. lO. See § 34. 


Examples III. (Pages 49, 50.) 


2 . 


3. 


(hi.) 8^ftons; 8|.tons. 
(hi.) 630 ft. -tons. 


(i.) 7ilbs. ; 6 lbs. (h.) 32|- lbs. ; 30 lbs. 

(iv.) 45^ kilog. ; 40 kilog. 

(i.) 60 ft. -lbs. (ii.) 390 ft. -lbs. 

(iv.) 1360 kilogi-am-metres. 

(i.) ^^3 bms ; 2^- tons, (ii.) 28 lbs, ; 14 a/ 2 lbs. 

(hi.) 10 a/3 kilog. ; 5 a/ 3 kilog. The reactions are respec- 
tively (i.) a/ 3 tons ; f a/ 3 tons, (ii.) 28 a/ 2 lbs. ; 14 a/ 2 lbs. 

(hi.) 20 kilog. ; 5 kilog. 

4. (i.) 4200 ft. -lbs. (ii.) 42 \/2ft.-lbs. (hi.) -’/ a/3 kilograTu- metres. 

5. (i.) 6f lbs. (h.) 5|lb8. ; 13Ht.-lbs. 6. 6A/2 1b8. 

7. -'/a/ 3 lbs. 8. k ton. 10. 5 lbs. ; :] lbs. 

11. Along the plane, ZPsin a ; the force must act towards the plane 
at an angle of (90°— a) with it. 


12. T: 


2 


ir a /3 

2 


13. 


\ACl 




14. 28 a/2 lbs. ; when the angle between the two parts of the string 

is equal to or greater than 120°. 

15. Anywhere in the tube. 

17. The tension in each string equals any one of the weights. 
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Examples IV. (Pages 61, 62.) 

1. See § 68. 2. | lb. 

5. The rod is inclined at 30° to the vertical ; 32 lbs. 

6. H ins. ; 60° with horhsontal. 

7 . — — 7F, where W is the weight of the rod. 

4 4 

8. 10 V2 lbs. ; 10 lbs. 9. ~ TT; 11. ~ lb. ; * lb. 

2 2 

jfr 

12. Tension in each string — (>\/3 — 1). 

z 

Examination Papee II. (Page 63.) 

1. See § 62. 2. See § 63. 3. See § 67. 

4 . See § 44. 5 . 16 lbs. 6. See § 47- 

7 . 2 v'3 lbs., at right angles to the 6-lb. force between the 5-lb. and 

7 -lb. forces. 

8. See § 63. 9. Q = hPja, It « cP/a. 

Examples V. (Pages 74, 75.) 

1 . (i.) 2|^, (ii.) A^/2, (iii.) f«v/2, (iv.) |a/ 3, in ft. -lb. units. 

2. ; 2 a/3 >15; |>15. 

3. Towards the side on which A lies. 4 . See §§60, 61 ; VZ : 4. 

6. About one end, 0, +4, + 18, —32 ; about other end, +8, — 12, 

— 6,0; about middle point, +4, —4, +6, —16. The sum 
of the moments is — 10, round any one of the points. 

7 . 0 , 5V3AB, ^^AB, 0 . 

8 . 8 a/3, 10 a/3 ; &t P in BC produced, such that CP = 16 ft 

9 . (P— Q)al ^/l^+ Q'y where a is the length of the side. 

10. Two straight lines pai’allel to the resultant at a distance of J on 

each side of it. 

11 . The resultant passes through A. 

12. The moments and sum of the moments round tlie four comers 

are respectively 

(i.) -3, -4, +10, +12; +16. (ii.) +6, -4, -6, +12; +9. 
(in.) +6, +8, “^5, “"6; +3. (^^•) +10, — 6; +9. 

13. Any point in a line parallel to CD and distant from it 2a on the 

side opposite to AB, where a is the length of a side of 
the square. 
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Examples VI. (Pages 89, 90.) 

1 . (i.) 4 lbs. ; 4 ft.*, i ft. (ii.) 12 lbs. ; 21 ins., 16 ins. 

(iii.) 12 lbs. ; 34 ins., 4^ ins. (iv.) 14 lbs. ; 30 ins., 12 ins. 


(v.) f ton ; 4 ins.. 

2 ins. 

(vi.) 1 kilog. ; 

; 6 cm., 4 cm. 

2 . ^i.)2lbs. ; 3ft., 

1 ft. 

(ii.) 2 lbs. ; 

lOi ft., 7i ft. 

(iii.) 9 lbs. ; 3^ ft.. 

ift. 

(iv.) 6 lbs. ; 

70 ins., 28 ins. 

(v.) Jton; 12 ins.. 

6 ins. 

(vi.) 200 gms.; 30 cm., 20 cm. 


3 . 54- ft. from the 8-lb. end ; 19 lbs. 


4. 1 unit, at a distance of 1 ft. from the force of 2 units, and 2 ft. 
from the force of 1 unit. 

The bar balances about a point distant IJ from the boy. 

6. See § 78. 7 . 68^^ lbs., 81-^ lbs. 8 . 25 lbs. 

9 , P - 8 lbs., Q = 9 lbs. 10 . 12 lbs. 

13 . 0 lbs. ; 8 ft. from the table. 14 . — /P, if P be the greater. 

Examples YII. (Pages 108-110.) 

1 . 15 lbs. 2 . J cwt., acting downwards. 3 . 8 lbs., 10 lbs. 
6 . 3 ft. from the man bearing 94 lbs. of the whole weight. 

6 . 10 lbs., 1047J-5 ft.-lbs. 8 . 94^ lbs. 9 . 4?f lbs. 

10 . P = 9 lbs., Q = 15 lbs. 12 . ^AB from A ; pressure a/3P. 

13. Tension of thread = JF; pressure at C = VS W perpendicular to AB. 

14 . 3 lbs. ; 3 ft. 

16 . Radius of wheel is four times radius of axle ; weight of wheel 
and axle and weight of man. 16 . See § 98. 

Examination Paper III. (Page 111.) 

1 . See § 61. 2 . See § 69. 3 . See § 78. 

4 . {a) 300 ft. -lb. units. ; 750 ft. -lb. units, in opposite sense,’. 

(b) 460 ft. -lb. units ; to the side of on which B lies. 

6 . See § 80. 6 . 21 lbs. on>l, 9 lbs. onB; 10 lbs. more in e.-udicase. 

7 . See §§ 89-92. 9 . See § 98. 10 . 9 lbs. 

Examples VIII. (Pages 126, 127.) 

1 . ^,20 lbs. 2 . 3^,14 lbs. 3 . 6 cwt. 4 . Three moveable j nil leys. 
6 . 22 lbs. 6 . Light in the first system, heavy in the third. 

7 ! 7 lbs. 8 . 8 lbs., 4 lbs., 15 lbs. 9 . 16 lbs., 4 lbs., 7 lbs. 

• In Examples 1, 2, the distance of the resultant from the smaller component 
is given first. 
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10 . 250 lbs., ; 260 lbs., 500 lbs., 1000 lbs., 2000 lbs. 

11 . 7i stone, 18f stone. 14 . 9 stone. 

Examples IX. (Pages 136, 137.) 

2 . 15 lbs. parallel to ACy and at a distance from it equal to ^AB. 

3 . See § 125. 4 . See § 124. 

2 p 

5. («) ^ . area of triangle ABC. 

BC 

(d) 2P acting along the line bisecting AC and BC. 

6. Complete parallelogram ABDC. Required force equals \ADy and 

acta parallel to it through B or C. 

7 . 1580 lbs. nearly. 8 . in. 9 . lbs. 

10 . 2TrnM ; 942f ft.-lbs. 11 . See ^ 12G. 14 . 224. 

Examination Papee IV. (Page 138.) 

1 . See ^ 98, 114. 2 . See ^ 117, 124. 3 . See §§ 106, 108. 

4 . 622 lbs. B. See § 129. 6. 3/^6 iws- ; if in* 

8. 4 lbs. wt., acting parallel to, and in the same direction as, the 

given force of 4 lbs., and at a distance of IJ ft. from it. 

9 . 3 lbs., mechanical advantage = 6. 

10 . The radii should be as the numbers 1, 2, 3 ..., or as 1, 3, 6 ..., 
according as the string is fastened to the lower or to the 
upper block. 

Examples X. (Pages 148-150.) 

1 . 3 ft. from the man cfirrying 71 lbs. 

2 . 21 lbs., acting between the 7-lb. and 9-lh. forces at a distance 

of 3 ft. from the latter. 

3 . When the 100 lbs. is placed on the end fm-thest from a prop, the 

pressures are 225 lbs. downwards on the nearer prop, and 
6 lbs. upwards on the further prop ; when the 100 lbs. is 
placed on the other end, the dow nward pressui’es are 170 lbs. 
on the nearer and 50 lbs. on the further prop. 

4 . 17 Jibs. 

5. 11 lbs., acting in the same direction as the 7-lb. force, at a 

distance of * ft. from the end where the 3 lbs. is. 

6. 3J cwt. on each. 7 . 3 ft. from the first prop. 8 . 228. 

9 . {a) 36| lbs. , 54| lbs. (5) 78| lbs. , 12-^ lbs. {e) - 5| lbs. , 96f lbs. 
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10 . (i.) The centre of the triangle, (ii.) The vertex of the equi- 

lateral triangle described on the other side of the base 
opposite the point of application of the unlike force. 

11 . Take F in AB, 80 that 2AF FB \ the centre of the forces is at 

G in fC, where 9F6r = 2GC. 

12 . Produce BA to F, so that AF = AB ; the centre of the forces 

is at 6r in FCt where ^FG =» 2GC. 

13 . r)40. 14 . 4 ins. 15 . f in. nearer the centre. 

16 . It is moved from the centre of the square to the comer opposite 

the point of application of the reversed force. 

17. At an infinite distance. 

18 . ^ 5 ’ ^om AB and AD respectively. 

3 3 

19 . At /f in EG, such that OK — 8 ins. 

20 . Between the strings over the fixed pulley and the next, and 

ft. from the former. 

ExAiyiriiES XI. (Pages 170, 171.) 

1 . 6 lbs. 2 . See § 150. 3 . 1 2 lbs. ; at middle point of rod. 

4 . 7 oz. ; 9| in. from A. 5 . Sec § 149. 

6 . 2 oz. ; 12 ins. 7 . See ] 150. 

8 . See § 156 ; if the 8 -in. side was originally vertical, the block 

will topple when the plank forms an inclined plane, such 
that height = f base. 

9 . The straight line bisecting AB and CD. 

10 . The sphere containing the lead has firo positions of equilibrium 

onlyiwhen placed on a table — one stable, the other unstable ; 
the other sphere is stable in all positions. 

12 . 450 sq. ft. 

Examples XII. (Pages 187-189.) 

1 . Suspend it by three strings from one point from wdiich i.- himg a 

plumb-line. This cuts the piano of the hoop in the required c. o. 

2 . 2 ft. from vertex ; 8 ins. from vertex. 

3. respectively. 

4 . 4 ins. from AB, H ins. from AD. 6. from 0 towards C. 

7^ ffylC from A towards C. 8. See § 177. 

11 . ^AB from 0 towards middle point of CD. 12 . See § 169- 

13 . 2*55 inh. from base. 
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16 . — , where W is the weight and I the length of the chain. 

Sfi 

Hr. One-third of radius from centre of board. 

20 . The masses are proportional to CA^ and AB. 22 . 

48 

28 . One-third of the diagonal from the point where the weight 
is suspended. 

24 . At the middle point of the common side. 

25 . 16 ft. -lbs. ; 5^ ins. 26 . 192,500,000 ft. -lbs. 28 . |a. 

Examination Papee V. (Page 190.) 

1 . See § 135. 2 . See § 150. 3 . See { 173. 4 . Bee § 169. 

6 . See § 160. 7 . 7-r*? iua. from A ; 46 ins. from A in BA produced. 

8 . 2 ins. from centre of box towards the middle point of ihe 

vertical face to which the hinges are attached. 

8. See § 176. 10. Same as c.o. of original triangle. 

Examples XIII. (Pages 202, 203.) 

1 , See § 181. 2 . lbs. 3 . 32 ins. from fulcrum. 

4 . Yes. 6 . No. 6 . 5 ins. from the weight. 

7. 15 lbs., 26 lbs. ; at middle of rod. 

8 . 1 lb., 2 lbs., 4 lbs,, 8 lbs., 16 lbs. ; 1 lb., 3 lbs., 9 lbs., 27 lbs. 

9. With diminished weight he cheats his customers, with increased 

weight he cheats himself. 

10 . When the weight is himg by a string. 12 . 10 stone. 

Examination Papee VI. (Page 204.) 

1 . See § 182. 

2 . See §§ 191, 192 ; only one weight used, and this a com- 

paratively small one. 

3 . See §§ 193, 194. 4 . See § 186. 5 . 10 lbs. 2^ oz. 

6 . See § 175. 7 . 20,000 ft. -lbs. 

8 . If ACB be the thread and C the position of the weight, 

AC^ett., (?^«=3ft. 

9 . from centre of hexagon to comer opposite to that at which no 

weight is situated, a being side of hexagon. 
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The rublisher will be happy to entertain applications from School- 
masters for specimen copies of any of the books mentioned in this 
List. 


SOME PRESS OPINIONS. 

“The special use of such manuals as those published by the Universily Corre- 
spondence College is that (hey help the student to systeiiiaiiso his knowledge, and 
also indioule cle.irly and dolinitely the plan to be ]»ursuod.“ — Jownal of Education. 

“'this series of educational works, now almost forming a scholastic library in 
itself." — Educational Heciew. 

“The more we see of these excellent manuals the more highly do wo think of 
them. They aie edited, and most wuefully too, by those who have ])!issed through 
the same ordeal, mid who should know how to meet the wants of the diligent 
student. *’ — School master. 

“ We have often had occasion to speak in terms of high praise of the University 
Correspondence College 'iutorial yeries.”— /loai'd Teacher. 

“ As near perfection as can he desired." — Teachers’ Aid. 

“ This valuable library." — School Board Chronicle. 

“ This excellent and widely appreciated series.” — Freeman* s Journal. 

“ Ihe notes have the merit of brevity and practical directness.” — Guardian. 

“ As usual with the series, little is omitted that might have found a place in the 
books, and no point seems unbroacbed.” — Educational Times. 

“ The work of men who have proved themselves to be possessed of the Bpoi:ial 
qualifications necessary.” — School Guardian. 

“The series is unrivalled in supplying the recpiisite assistance to London Uni- 
versity students, and if not bought by an intending candidate, it must be that by 
some mischance he hits not known them." — Teachers' Monthly. 

“By this time every one knows the material and uniform excellence of this 
series,” —Practical Teacher. 

“ 'J'he evident care, the clearly conceived plan, the genuine scholarelnp, and the 
geneial excellence of the productions in this senes, give them, for the special 
purpose they are intended to accomplish, high claims to commendation —especially 
the commendation of diligent use.” — Educational Hews. 

“ Will be found, as are aU the publications of the University CoiTespoiidence 
College, greatly helpful to the ordinary student." — Board Teacher. 

“ It would be a real calamity for London students if this series of texts were not 
published.”— Jeac/im’ Monfhty. 
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TITK UNIVEltSTTT TUTORIAL SERIES. 


Xatin anb 6reeft Classica. 

(^Sce also patje 4.) 

Caesar.— Gallic War, Book I. By A. 11. Allcuoft, M.A. Oxon., and 
F. (t. Plaistowe, M.A. (^unb. Is. 6(i. 

“A ckKirJy jirmteJ text, a jrood intioiluctjon. .ui n^oolktit aet of notes, ami :in 
historical iind Keo-r.iphical iinlox, make ni» .i \eiy guod edition at a very siu.ill 
price."— The School master. 

Cicero.- De Senectute. J\y A. H. Allcuoft, INI. A. Oxon., and \Y. F. 
Masom, M.A. Lond. is. 6d. 

“ The notes, although full, are simple.”— /itZitmf/onaf Times. 

Horace.— Odes, Books I.— HI. r.y A. H. Allciiof i , M.A. Oxon., and 
B. J. Hayks, M.A. TiOnd. an<l (’amb. Is. 6d. oaiih. 

“ Notes which leave no difliculty uncxi)]. lined.”— r/<e Schoolmaster. 

“The notes (on Hook HI.) ai'o full and good, and nothing more can well be 
demanded of them.”— Jouj-waZ of Education. 

Livy.— Book I. By A. TI. Allcuoft, M.A. Oxon., andW. F. Ma8om, 
M.A. Lond. Third Edition. 2s. 6d. 

“The notes are concise, and well adapted to the wants of those for whom they 
are intern e I, dwelling much on gr;imm.i.tical \>.>ints and dealing w ith (pic.'stions of 
history and archaeology in a simple but inierc^oing fashion.” -Education. 

Vergil.— Aeneid, Book I. By A. II. Allcuoft, M.A. Oxon., and 
W. F. Masom, M.A. Lond. Is. 6d. 

Xenophon. -Anabasis, Book I. By A. H. Ai.lcuoft, M.A. Oxon., 
and F. L. D. BlCHAliDSON, B.A. Lond. Is. 6d. 

“ The notes are all that could be desired.” — SchooLuasLer. 

The above editions of Latin and OuiiEK Classics are on tlie 
following plan : — 

A short Introduction gives an accuiunt of the Author and his 
chief works, the circumstances under which he wirote, and liis style, 
dialect, and metre, where these c;ill for notice. 

The Text is based on the latest and best editions, and i.s clearly 
printed in large type. 

The distinctive feature of the Notes is the omission of pur olel 
passages and contro\ersial discussions of dilliculties, and -itoss is 
laid on all the important points of grammar and subject - 'n.ii tm. 
Information as to persons and jdaci's mentioned is grouied to;.,< tl,i*r 
in an Historical and Geocuaphical Index; by this mcau' tis; 
expense of procuring a Classical Dictionary is rendered unneces^.irv 

The works in the Matricvlat Ian series have been t'dited with u 
view to meeting the wants of beginners, while the Grad uatioii sene'- 
furnishes suitably annotated editions for the more advanced student. 
A complete list is given overleaf. 
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THE UNIVER8ITT TUTORIAL SERIES. 


fiWtions of Xattn ant> (Sreeft dlassics. 

The following Editions are now ready, with the exception of those 
marked * (in the press), and those marked f (in preparation) : — 


MATllIOULATION SERIES. 



«. d. 



d. 

Caesar— G allic Wax, I. . 

1 G 

I.IVY, XXT. 

2 

G 

Caesar — G allic War, 7. . 

1 6 

fOviD — Heroides, I., II., 



Caesar — G allic War, VI. . 

1 G 

III., V., VIL, XII. 

1 

G 

Caesar— G allic War, VII. 

2 6 

Ovid — M etamorphoses, X 1 . 

1 

G 

Caesar— G allic War, VII., 


Ovid— T ristia, I. 

1 

G 

Ch. 1— G8 . 

1 G 

Ovid— T ristia, III. . 

1 

G 

•Cicero — D e Amicitia 

1 G 

SAiiLUST— Oaliliue . 

2 

i; 

Cicero— De Senectute 

1 G 

Sophocles —A ntigone 

2 

G 

fCiCERO — In Catilinain, III. 

I G 

Vergil — A eneid, 1. . 

1 

G 

Cicero — P ro Aroliia . 

1 () 

Ver(;il— A cneid, III. 

1 

G 

Cicero— P ro Balbo . 

I G 

Vergil— A eneid, V. . 

I 

G 

f E URIPIDES— Andromache 

H G 

Vergil— A eneid, VI. 

1 

G 

Homer— I liad, VI. . 

1 G 

Vergil— A eneid, VTI. 

1 

G 

ITomer — O dyssey, XVII. . 

1 G 

Vergil— A(‘ neid, IX. 

1 

G 

Horace— O des, i. 

1 G 

Vergil— A eneid, X. . 

1 

(; 

Horace— O des, II. . 

1 G 

Xenophon -Anabasis, I. . 

1 

G 

Horace— O des, HI. . 

1 (; 

Xenophon— H ellenica, III. 

3 

G 

Horace— O des, IV. . 

1 G 

Xenophon — H ellenica, IV. 

3 6 

Livy, I 

2 6 




GRADUATION SERIES. 




s. d. 



Aeschylus — Prometheus 


Juvenal — S atires I., III., 



Vinctus 

2 G 

IV 

3 

G 

Aristophanes— P lutus . 

2 6 

Juvenal- Satires Vlll., 



('ICERO— Ad Atticum, IV. . 

G 

X.,XII1. . 

2 

G 

Cicero —Do Kinibus, I. 

2 (•) 

Livy, III 

3 6 

fCiCERO— De Finibus, II. . 

3 G 

Livy, V 

2 

6 

t C icero — P ro Milonc 

G 

Ovid- Fasti, TIL, IV. 

2 

G 

Cicero — P ro Plancio . 

2 6 

Plato — P haedo. 

3 

G 

Herodotus, VI. 

2 G 

tSOPHOCLKS -Ajax . 

3 G 

Herodotus, VIII. . 

6 

Sophocles— E lectra . 

3 

6 

Homer— O dyssey, IX., X. 

2 (•> 

Tacitus— A nnals, 1. . 

2 

(> 

IT ( )M ER — Odyssey, XI.. X il. 

2 () 

Tacitus— A nnals, II. 

2 

G 

Homer— O dyssey, XIII., 


I’ACiTUS— Histories, I. 

3 

6 

XIV 

2 (i 

Thucydides, VII. 

3 

6 

Horace — E pistles . 

3 6 

fVERGlL— Georgies, I., II. . 

3 

6 

t Horace — Epodes . 

1 G 

fXEN OPH on — O economicus 

4 6 

Horace— S atires 

4 6 
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IDocabulartcs an^ Uest iPapcrs. 

The VoOABULABY contains, arranged in the order of the Text, 
words with which the learner is likely to bo unacquainted. The 
principal parts of verbs are given, and (when tlierc is any difficulty 
about it) the parsing of the word as it occurs in the 1’ext. Th(' 
Vocabulary is interleaved witli writing paper. 

Two series of Test Papers are, as a lule, provided, of which the 
first and easier series is devoted entirely to translation, accidence, 
and very elementary points of Syntax ; the second, which is intended 
for use the last time the book is read through, deals with more 
advanced points. 



8. 

d 


8. 

( f . 

Acts op the Apostles . 

1 

0 

Livy, I. , , , , 

1 0 

Aeschylus — Prometheus 



Livy, HI 

1 

0 

Vinctus 

1 

0 

Livy, V 

1 

0 

G AES AR— Gallic War, 1. . 

1 

0 

Livy, XXI. 

1 

0 

Caesar — Gallic War, V. . 

1 

0 

Ovid— F asti, HI., IV. 

1 

0 

Caesar— G allic War, VI. . 

1 

0 

fOviD— Heroides, L, TL, 



Caesar— G allic War, VII. 

1 

(> 

IH., V., VH., XIT. 

1 

0 

Cicero — De Amicitia 

1 

0 

Ovid— M etamorphoses. XJ. 

1 

0 

Cicero — De Senectule 

1 

0 

Ovid— T ristia, I. 

1 

0 

•(■Cicero — InCatilinam,Il I . 

1 

0 

Ovid — Tristia, IlL . 

1 0 

Cicero — Pro Archia . 

1 

0 

Hallust — Catiline . 

1 

0 

Cicero — Pro Balbo . 

1 

0 

Sophocles —Antigone 

1 

0 

Cicero — Pro Clucntio 

1 

0 

Soniocidcs - Electra . 

1 

0 

■|-()iCEBO — Pro Milonc 

1 

0 

Tacitus — Annals. J. . 

1 

0 

Cicero — I’ro Plancio 

1 

0 

Tacitus — Histories, T. 

1 

0 

Euripides— Ion 

1 

0 

Veruil— Aeneid, 1. . 

1 

0 

Herodotus, VI. 

1 

0 

Vercil— Aeneid, ill 

1 

0 

Herodotus, VIII. . 

1 

0 

Vergil — Aeneid, V. . 

1 

0 

Homer— I liad, VI. . 

1 

0 

V EUGIL — Aeneid, VI. . 

1 

0 

Homer— O dyssey , XV 11. . 

1 

0 

Vergil — A eneid, VI 1 

1 

0 

Horace — Epistles 

1 

0 

Ver(UL — Aeneid, IX., X . 

1 

0 

Horace — Ode.s, l. 

1 

0 

Vergil — Georghis, 1., 1 1 . 

) 

0 

Horace— O des, II. . 

J 

0 

Xenophon — Anaha-sis, I. 

1 

0 

Horace — Odes. III. . 

1 

0 : 

Xenophon — C yropaedeia.l. 

! 

0 

Horace — O des, IV. , 

1 

0 . 

Xenophon — Cyropaodeia,V. 

J 


Horace — Satires 

1 

0 1 

fXENOPHON — Oeconornicus 

1 

0 
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TBE UNIVERSITY TUTORIAL SERIES. 


Xatin anb 6vec\\. 

Grammars and Readers. 

Greek Reader, The Tutorial, or Prooemia Graeca. By A. Waugh 
Young, M.A. Lond., Gold Medallist in Classics. 2s. 6d. 

Higher Greek Reader : A Course of 132 Extracts from the best writers, 
in Three I’arts, with an Appendix containing the Greek Unseens 
set at B.A. Lond. 1877—1893. 3b. 6d. 

The Tutorial Latin Grammar. By B. J. Hayes, M.A. Lond. and 

('amb., and W. F. Masom, M.A. T^ond. Second Edition. Ss. 6d. 
“ iSensihle, correct, and well-arranKed.” — Journal of Education. 

“ Practical experience in teachiniy: and thorough familiarity with details are 
plainly recognis ible in th s new Latin grammar. Great ]>ainB have lieen tiiken to 
bring distinctly before the mind all those main points which are of fundamental 
importance and require firm fixture in the memory, and the illustrative examples 
have been gathered with much c<ire from the classics most usually read for exami- 
nations. Though full, it is not o\ercroude 1 with mmwixffi.” — Ed acalional News. 

“ It IS accurate and full without being overloa led with detail, and varieties of 
tyi>e are used with such eflbct as to minimise the work of the learner. Tested in 
respect of any of the crucial jioints, it comes well out of the ordeal.” — Schoolmaster. 

The Preliminary Latin Grammar. By B. J. Hayes, M.A. Lond. 
and Camb. Is. 6d. [In jnrparation. 

Latin Composition and Syntax. With coj)ious Exercises. By A. 
H. Allcroft, M.A. Oxon., and 3. If. Haydon, M.A. Camb. and 
Lond. Third, Edition. 2s. 6d. 

The more advanccil portions of the book-work arc denoted by an 
asterisk, and the relative importance of rules and exceptions is shown 
by variety of type. Each Exercise is divided into three sections 
of progressive diilifulty. 

“ This rsoful little bf)ok.” — Journal of Ed ncalion. 

“ Thi.s is one of the best manuals on the above .subject that we have met with for 
some time. Sinijdieity of statement and arrat gement ; apt examples illustrating 
ej»( h rule; excejitions to the.se adroitly stiteJ just at the projier place and time, 
are among some of the striking charjicteristics of this excellent ho(tk. Every 
ad^alJtage too has been taken of jirintiiig aiul tyjie, to bring the leailing s'atements 
jirominently before the eye and mind of the reader. It will not only serve as an 
admirable class-book, but from its table of contents and its copious index will 
prove to the pri\ate student an excellent refeiencebook sis well.’’— I'hv Schoolmaster. 

“ The clearness and concise accuracy of this b<*ok Ihionghout are ti*uly remark- 
able.”— 

“The arrangement and order are exceedingly good.” — School Board Chronicle. 

The Tutorial Latin Reader. Is. 6d. With Vocabulary. 2s. 6d. 

“ A soundly practical work .” — The Guardian . 
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IRoman anb (Bredan Ibistor^^ 

The Tutorial History of Rome. To a.d. 14. By A. H. Allcropt, M.A. 
Oxon., and W. F. Masom, M.A. Lond, 8s. 6d. 

‘ It is well and clearly written." —Sniu i Ua// U< > >rw. 

A History of Borne from B.C. 31 to A.D. 96 : The Early Principal 
By A. H. Allcroft, M.A. Oxon , anJ J. H. Haydon, M.A 
Camb. and Lond. 2s. 6d. Also .‘^oparately, Augustus and 
Tiberius. Is. 6d. 

“Accurate, and in .accordance with the authorities .” — Jcmmal of Eti ucation. 

“It is deserving of the h ghest prai.se. All that the student can rotiuire for his 
examination is supplied in soiml.ariy shape, and in so clear a manner that the task 
of the learner is made comparaiivoly cjisy.” - LiUrarif WorUL 

A Longer History of Borne. The following volamcs are ready or in 
preparation ; — 

1. History of Borne, B.C. 287-202: The Struggle for Empire. By 

W. F. Masom, M.A. l^oiid. 4s. 6d. {Ready. 

2. History of Borne, B.C. 202-133: Borne under tlio Oligarchs. By 

A. H. Allcboft, M.A. Oxon., and W. F. Masom, M.A. Lond. 
48. 6d. [Ready. 

3. History of Borne, B.C. 133-78. [In jfrejmration. 

4. History of Rome, B.C. 78-31 ; The Making of the Monarchy. 

By A. H. Allcroft, M.A. Oxon. 4b. 6d. [Ready. 

6. The Early Principate. (^See above.') 

A History of Greece. 1V> be completed in Six Volumes : — 

1. Early Grecian History. A Sketch of the Historic Period, and 

its Literature, to 495 ii.C. By A. H. Allcroft, M.A. Oxon., 
and W. F. Masom, M.A. Lond. 8s. 6d. 

“For those who reejmre .a knowlcvlge of the jioriod no bettei book could be 
recommended .” — Educational Tnm .s. 

2. History of Greece, B.C. 495-432. 

3. History of Greece, B.C. 432-404. By A. H. Allcroi t, M.A. 

Oxon. 4s. 6d. [In ytrvoarat 'ion. 

4. History of Greece, B.C. 404-371. By A. H. Allcroi i’. M.A. 

Oxon. pr. pn rati on. 

6. History of Greece, B.C. 371-323: The Decline of By 

A. 11. Allcroft, M.A. Oxon. 4s. 6d. 

6. History of Sicily, B.C. 490-289, from the Tyranny of Gdun to 
tlie Death of Agathoclc.s, witli a History of Bitcriituic By 
A. H. Allcroft, M.A. Oxon., and W. F. Masom, M.A. L. iMi. 
8s. 6d. 

“ We can bear high testimony to its merits.’ —Schoolvianter. 
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frencb* 

The Tutorial French Accidence. By Ehnest Weukley, M.A. Lond. 

28. 6d. [^In tJie press. 

The Tutorial French Syntax. 28. 6d. [ preparation. 

The Preceptore’ French Course. [ preparation. 

The Preceptore’ French Keader. With Vocabulary. l8. 6d. 

[7« preparation. 

French Proee Eeader. Edited by S. Barlet, B. Sc., Examiner 
in French to the College of Preceptors, and W. F. Masom, 
M.A. Loud. With Vocabulary. Second' Edition. 28. 6d. 

“The book is very well adaiibed to the puipose for which it is intended. ’’ — 
SchooLmastet'. 

“ Admirably chosen extracts. They are so selected as to be thoroughly interesting 
and .at the aime time thoroughly illustrative of all that is best in French literature.” 
— School Board Ch ronicle. 

Advanced French Eeader : Containing passages in prose and verse 
representative of all the modern authors. Edited by S. Barlkt, 
B. 6s Sc., Examiner in French to the College of Preceptors, and 
W. F. Masom, M.A. Lond. 3s. 6d. 

“ Chosen from a large range of good modern authors, the book provides excellent 
practice in ‘ Unseens.’ ” — The Schoolmaster. 

lenoUsb Ibistorij. 

The Tutorial History of England. By C. S. I’earensidb, M.A. 

Oxon. \In preparation. 

The Intermediate Text-Book of English History : a Longer History 
of England. By C. S. Fbarensij>e, M.A. Oxon., and A. Johnson 
Evans, M.A. C.umb. 

Volume L, to 1485. \In prcparad on. 

Volume IT., 1485 to 160,3. Ss. 6d. 

Volume III., 1603 to 1714. {^Shortly. 

Volume IV., 1G.S5 to 1801. 4s. 6d. 

The following periods have already been issued separately: — 

1485 to 1580. 2s. 1640 to 1670. 2s. 1660 to 1714. 3s. 6d. 1760 
to 1798. 2s. 

“ The results of extensive reading seem to have been photographed upon a small 
plate, so that nothing of the effect of the larger scene is lost.” — Teachers' Monthly. 

“ His genealogical tables and his plans of the great battles are \ory well done, as 
also aic the brief biographical sketches which come in an appendix at the end.” — 
Literary Opinion. 

“ It is li\ely ; it is exact ; the style is vigorous and has plenty of swing ; the facta 
aie numerous, but well balanced and admirably arranged.” — Education. 
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i&ngUab Xanfiuaoc anb Xitcraturc. 

The English Language : Tta History and Structure. By W. H. Low 
M.A. Lend. Seco7id Edition. Ss. 6d. * 

Contents : — The Bolntion of KriLi'Hsli to other Tjangunejes 

Survey of ilie Chief Chanfrea that have taken ]»laco in the 
Language— Sources of our Vocabulaiy- Tlie A^plwibot and the 
Sounds of English— Oiinun’s Law- -Orai.ation and Mutation— 
Transjiosition, Assimilation, Addition, and Disappearance of 
Sounds ill English— Introductory Itcmarks on Craminar— The 
Paits of Speech, etc. — Syntax — Parsing and Analysis — Metro — 
Examination Questions. 

“ A clear woikiiianlike history of the Enclish larignngo done on sound urineiples.” 
— SaturtUty Review. 

“ The author deals very fully ^^ith the souieo and growth of the language. 'I'he 
parts of speech are dealt with historically us well us gi.unmaticalJy. 'Jhewoik is 
scholarly and accurate.” — Schoolmaster. 

“ The history of the languiige and etymology are both well and fully treated.”— 
Teachers’ Monthly. 

“Aptly and cleverly Avritton.” — Teachers' Aid. 

“The arrangement of the book is devised in the manner most suited to the 
student's convenience, and most calculated to imiircss his memory.”— iyceain. 

“ It is in the best sense a scientific treatise. 'J hme is not a siijiertlnons sontenco.’’ 
— Educational News. 

The Intermediate Text>Book of English Literature. By W. H. Low, 
M.A. Loud. 

Volume J., to 1658. 3s. 6d. [In preparaliim. 

Volume 11., 1558 to KifiO. 3s. 6d. 

Volume HI., lObO to 171)8. 3s. 6d. 

Vols. II. and III., bound together, 6s. 6d. 

The following Periods have already been issued in Hci)aiate parts 
under the title of A History of English Literature 1486 to 1580. 2s. 
1620 to 1670. 2s. 1660 to 1714. 3s. 6d. 1714 to 1798. 2s. 

“ Eoally judicious in the selection <»f the details given .” — Saturday Riolew. 
“Designed on a thoroughly sound pi iiinplo. Eacts, dates, and ropref,(iiitativo 
quotations are plontitul. 'J ho cril ical oxlraclsare judiciously chosen, and Mi . I.ow’a 
own w'riting is clear, ellectiie for its ])urpuse, and evidently the result oi .’.^iioiigh 
knowledge and a veiy eonsideruhle ability to choose berween good anu ouL' — 
Nalionat Obsercer. 

“ It affords another example of the anthoi's <. inchensivc givisj) of ..nbjcct, 
combined with a true teacher’s ]»ower of using siu n judicious condeiis.itiou i liat the 
more salient points aie brought clearly into view." — Teachei's’ Monthly. 

“Mr. Low' has succeeded in giving a tery readable and lucid account of toe 
literature of the time, and has packed an extraordinary amount of inform. tt:<m 
into a very small comji.ias. Ills book will be found very interesting and insn ac- 
tive, quite apart from its value lus a liandhook for examinaiion imrposes, — y 
World. 

“Mr. Low’s book forms a serviceable student’s digest of an important period in 
out 1 itemture,” — Schoolmastet'. 
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jengUsb <ria 60 (c 0 . 

Addison. — Essays on Milton, Notes on. By W. H. Low, M.A. 2s. 

AelMc’s Homilies, Glossary to, in order of the Text. By A. J. 
Wyatt, M.A. Lond., and H. H. Johnson, B.A. Lond. 2s. 6d. 

Dryden. — Essay on Dramatic Poesy. Edited by W. H. Low, M.A. 
Lond. Text and Notes. 3b. 6d. Or separately, 2s. each. 

Havelok the Dane. A Close Translation, preceded by the Addi- 
tional Notes and Corrections issued in Prof. Skoal’s New Edition. 
By A. J. Wyatt, M.A. Lond. Ss. 

Milton.— Samson Agonistes. Edited by A. J. Wyatt, M.A. Lond. 
2s. 6d. 

“ A capital Introduction. The notes arc excellent.” — Educational Tunes. 

Milton. — Sonnets. With an Tntroduction to each Sonnet, and Notes, 
together with an account of the History and (Jonsti action of the 
Bonnet, and Examination Quentions. By VV. F. IMasom, M.A. 
Lond. Is. 6d. 

Saxon Chronicle, The, from 800-1001 A.D. A Jranslation. By 
W. H. Low, M.A. Lond. 3s. 


Shakespeare.— Henry VIII. With ]ntr(»ducti()N and Notes by 
W. H. Low, M.A. JiOud. Second Edition. 2s. 

Sheridan.— The Bivals. Edited by W. H. Low, M.A. Lond. Is. 

“ A fully annotate<l e.’.ition . . . coi»ii»Icto and thoronglily workmanlike. — 
Education. 

Spenser’s Shepherd’s Calender, Notes on, with an Introduction. 
By A. J. Wyatt, M.A. Lond. 2b. 
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fIDcntal anb fiDoral Science- 


Ethics, Manual of. By J. S. Ma.ckenzie, M.A., Follow of Trinity 
College, Cambridge', Examiner in the University of Aberdeen 
Seconil Edition. 6s. 6d. 

“In writing this book Mr. Mackeiij.ie heus jmibueu in earnest and striking com- 
tlibiition to the ethical liteiatme of the time.”— 

“ This excellent manual.” — Intematioiml Jouviuil of Ethics. 

“Mr. Mackenzie may lie congiatnlate 1 on having pre.>,unted a thi*roughly good 
and helpful guide to this attractive, yet elusive and ditiiiMilr., subject.” — SchoolmuKter. 

“ It is a most a Imirablo student’s manual.”— Tcac//fr.s’ Monthly. 

“Mr. Mackenzie’s Ixiok is as nearly perfect as it could bo. It covers the whole 
field, and for pcmpicuity and thoroughness leaves nothing to be dosiroil. The pujul 
who masters it will find himself equipped with a sound gr isp of the subjeet such as 
no one book with which we are acquainted Ims hitherto been equal to siqijilying. 
Not the least recommendation is the really interesting s'yle of the wmrk.”-' Literary 
WorLd. 

“Written with lucidity and an obvious mastery of the whole bearing of the 
subject.” — Standard. 

“No one can doubt either the author’s talent or his information. The ground 
of elhieal science is covered by his treatment completely, sensibly, and in many 
respects brilliantly.’’— ilfttuc/tc.s/tv (faardian. 

“For a practical aid to the stiu'ent it is very a linirably atlap cl. It is uhle, 
clear, and acute, dhe arraimenient of the book is excellent.’ — Daily 
Chronicle. 


Logic, A Manual of. T.y J. Welton, M.A. Load. 2 vols. Vol. 1., 
10s. 6d. [Vol. II. in preparation. 

This book embraces the entire I^ondon B.A. and B.Sc Syllabus, 
and renders unncce^sai N t.lic | lurclui.se of the numerous books hitherto 
used. The relative importance of the sections is denoted by variety 
of tyjic, and a minimum course of reading is thus indicat'd. 

Vol. 1. contains the whole of Deductive Logic., except Fallacies, 
which will be treated, witli Inductive Fallacies, in Vol. II. 


“A clear and conipendnnis summary of the views of various think*‘i,s on im- 
portant and doubtful iioiiits.”— ./oitrinf/. of Education. 

“A very good book . . not likely to be supeifsede I for a long time t. . <.im' 

— Educational Hetneic. 


“Unusually complete and reliable. The arraiigenieiit of di\. dons and mi’d- 
divisions is excellenc, and cannot but gieatly facilitate the study of the su )j**(.t >y 
the diligent student. ' — Schoolinosfcr. 


“The manual may be safely recommended. 


- Educational Times. 


•• Undoubtedly excellent.”— Board Teacher. 
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fIDatbcmatice anb flDecbanice* 

Algebra, The Intermediate Text-Book of. [In the press. 

Astronomy, Elementary Mathematical. By C. W. C. Barlow, M.A 
Lond. and Oamb., B.Sc. Lond., and G. H. Byran, M.A. Oamb , 
Fellow of St. 1‘eter’s Colb^ge. Second Edition, with Answers 

88. 6d. 

'' Probably within the limits of the volume no better description of the methods 
by which the mar\el]ous structure of scientific lustronomy has been built up could 
have been given." — Athenceum. 

“ Sure to find favour with students of astronomy." — Nature. 

“ This book supplies a distinct want. Thedl.-igrams are clear, the stylo of writing 
lucid, and the mathematical knowledge retiuired but small." — Teachers' Monthly. 

“ Completely successful.” — Lite^'aiy World. 

“ One noticeable feature of the book is that the more iinportiint theorems are 
carefully illustrated by worked -out numerical examiilea, and are so well .arranged 
and cle.arly wi’itten that the volume onght to serve as a good text-book." — Bombay 
Advertiser. 

“ A careful examination has led to the verdict that the book is the best of its 
kind. It is accunito and uell arranged, and in every respect meets the rc(iuiiement8 
for which it htis been designed." — Practical Teacher. 

“ It is an admirable text-book." — School Guardian. 

Coordinate Geometry : The Bight Line and Circle. By William 
Briggs, M.A., LL.B., F.K.A.S., and G. H. Bryan, M.A. Second 
Edition. Ss. 6d. 

“ It is thoroughly sound throughout, and iiidec 1 deals with some difficult points 
with a clearness and accuracy that has not, we believe, been surpassed." — Education. 

“ An admirable attempt on the part of its authors to realise the position of the 
average learner, and to provide for the waints of the private student. . , . Frequent 
exerc ises and examination papers have been intersjierBed, and dillbrent sizes of type 
and intelligently drawn figures will afford groat assistance in revision." — Educational 
Times. 

“ Thoroughly practical and helpful.” — Schoolmaster. 

“ Thoroughly sound and deals clearly and accurately with dilficult points .” — The 
Indian Eaymeer. 

“Another of the excellent buoks jmblishod by the University Corresjiondence 
College Press. The arrangement of matter and the copious explanaions it would 
be hard to surpass. It is the best book wo have seen on the subject.” — Board 
Teacher. 

“ The authors have had exceptional o]>portuiutioH of ajipreciating the difficulties 
of beginners, and they ha\e succeeded in producing a work which will be found 
esjiecially useful." — Enylish Mechanic. 
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/iDatbematicd anb /ll^ecballtcB — continued. 

Coordinate Geometry, Worked Examples in: A Graduated Course on 
the Itight Line and Circle. 2s. 6d. 

References are made to the book- work of I'oordinats Geometry . 

Dynamics, Text-Book of. By William M.A., LL.B. 

F.R.A.S., and G. II. Bjiyan, M.A. 2s. 

Geometry of Similar Figures and the Plane. (Huciid VI. end XI.) 

With numerous Deductions worked and un worked. 3s. 6d. 

[^Shorfli/. 

Hydrostatics, An Elementary Text-Book of. By William Buiggs, 
M.A., LL.B., F.R.A.S., and G. FI. Bkyan, M.A. ISJtortly. 

Mechanics and Hydrostatics, Worked Examples in: A Graduated 
Ckmrse on the London Matriculation Syllabus. Is. 6d. 

“Will prove itself a valnuble aid. Not only arc the noikel examples well 
Liaded, but in many cases exjdanatory paragraphs give nscfiiJ liints as to proceHso.s. 
'j be book biis our wanii uiiprobation." — Schoohuaster. 

Mensuration and Spherical Geometry: B.eing Mtuisuration of the 
Simpler I^'igures and the Geometrical rropertics of th(5 S])bcre. 
By William Buiggb, M.A., LL.B., F.R.A.S., and T. W. Edmond- 
son, B.A. Lond. and Camb. 3s. 6d, 

“ Although intended to meet the roquireiueuts of c;in<li(l!ite.s for particular 
examinations, this book may be used generally with safety. Tlio chief featuio in 
it appears to be the inclusion of jiioofs and of all fornmlic jiiescuted. It is thus 
far more than a mere collection of rules and e.\amples .'’ — Eduaittonai Times. 

“The book conies from the hands of experts; we can think of nut lung bettor 
qualified to enable the student to master tins branch ot the syllabus, ;iiid what is 
more important still, to promote a t orrect stylo in his matheiiiatic.il inani])uliitions.” 
— Schoobuasler. 

Mensuration of the Simpler Figures. By William Bri<;g M.A., 
F.R.A.S., and T. W. Edmondson, B.A. Lond. and Camb. 2s. 6d. 

Statics, Text-Book of. By William Briggs, M.A., LL.B., I li.A.S., 
and G. H. Bryan, M.A, Is. 6d. 

Trigonometry, A Text-Book of. {^In pre,uir,itfion.. 

Trigonometry, Synopsis of Elementary. Interleaved. Is. 6d. 

“ An admirable little handbook.”— Z/ycruia. 

‘‘ For its purpose no bettor book otuild be recommended. — EtLiiciLtioncil Eews 
“ Pithy definitions, numerous foriuiiifti, and terse explanatory notes.’’— ScAuot- 
master. 

“The facts could hardly bo bettor given.” — Freeman s Journal. 
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Science0* 

Biology, Text-Book of. By IT. G. Wklls, B.Sc. Loud., F.C.P. 
With an Introduction by Prof. G. B. Howes, F.Z.S. 

Part 1., Vertebrates. Second Edition. 6s. 6d. 

Part II., Invertebrates and Plants. 68. 6d. 

“ The Text-Book of Biology ia a moat nseful addition to the series already issued ; 
it is well arranged, and contidns the matter necessary for an elementiiry course of 
vertebrate .iioolo'ry in a concise and logical order .” — Journal of Education. 

“ Mr. Wells’ practical exjierience shows itself on every page ; his descriptions are 
short, lucid, and to the }xnnt. Wo can confident^' recommend iL" — Educational 
Times. 

“ The numerous drawings, the well-ari-anged tables, anl the careful descriptions 
will be of the utmost value to the student.” — Schoolmaster. 

Mr. Wells deals with everything ho ought to deal with, and touches nothing 
that he ought not to touch. For the higher forms of Modern Side wo commend 
this text-book without reserve; for the special student of biology wo urge its use 
with enthubiasni." — h\ I u cat tonal Review. 

Analysis of a Simple Salt, With a Selection of Model Analyses. 
By William Briggs, M.A., LL.B., F.C.8., andll. W. Sticwart, 
D.Sc. Loncl. Tldrd Edition, with Tables of Analysis (on 
linen). 2s. 6d. 

“Likely to pro\e a useful and trustworthy assistance to those for whom it is 
especially intended." — Nature. 

“ Every help that can be given, short of oral instruction and demonstration, is 
here given ; and not only will the jirixate student find this a welcome aid, but the 
class-master will be glad of the helji furnished b> Messrs. Briggs and Stewart, 
whose names are a guarantee of accuiate inloimation.” — Education. 

“ Its treatment of the subject in hand is very thoiough, and the method is on 
sound lines.” — Schoolmaster. 

“ The selection of model analyses is an excellent feature .” — Educational Times. 

Elementary Qualitative Analysis. By the same Authors. Is. 6d. 

Chemistry, S 3 mop 8 is of Non-Metallic. With an Appendix on Calcula- 
tions. By William Briggs, M.A., LL.B., F.C.S. Interleaved. 

Is. 6d. 

“The notes are veiy clear, anl just the thing to assist in the levision of the 
subject.” — Literary Opinion. 

“ Arranged in a very clear and handy form .” — Journal of Education. 

Heat and Light, Elementary Text-Book of. By K. W. Stewart, 
D.Sc. Lona. Second Edition. 3s. 6d. 

This book contains 141 Diagrams. 

“ A student of ordinary ability who works carefully through this book need not 
fear the examination.”— T/tc Schoolmaster. 

“ It will be found an admirable text-book .” — Educational News. 

“ A well-printed and well -illustrated book. It strikes us as a trustworthy guide. ' 
—Practical Teacher. 

“ A welcome addition to a useful series.”— /ScAooZ Guardian. 
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Sciences — continued. 

Magnetism and Electricity, Elementary Text-Book of: Being an 
Abiidgiueut of the Tej't-liookot Mmjm’f i.'im and Elect 
143 Diagiiims and nameroiis Qin'-stnuih, By 11. W. StewAKT. 
D.Hc. Lond. Ss. 6d. 

“ Plain and intelli;^ible. It is a capibil ox.imple vl what .i uood text-book should 
be." - Edmcnlioual Niwit. 

“ Will i)ro\c to be particularly helpful to students in gemM.iI.’’— and Art. 

“ We cjin heartily reconiiiiond it to all who need a text-book. ’ Liia nin. 

“ This is an admirable Nolume. ... A xeiy i?ood point is the number of woiked- 
out examples,”— Tcocyier.s' Monthly. 

“ ljea\u8 little to be desiied .” — Educational Times. 

“ Another of his excellent text-books.” — Nature. 

THE TUTORIAL PHYSICS. 

I. Sound, Text-Book of. By E. C atcupool, li.Htk Lond. 

[/// t/w press. 

II. Heat, Text-Book of. With Si lUacrams and nuiiuMous Oalcnla- 
tioiJS. By It. W. Stewart, D.Sc. Lond. Second Ld it ton. 38. 6d. 

“Clear, concise, well arranjied and well illustrated, and, as far as we ha\e tested, 
accurate.” — Journal of Education. 

“ DistinifuiBhod by accurate scientific kiiowledf’C and lucid exjiJanations. 
Educational Times. 

“The princijiles of the subject, are clearly set forth, and are exemplified by care- 
fully chosen examples.” — OjJ'ord Mayuznie. 

III. Light, Text-Book of (uniform with the Text-lUmh of Jlenf). With 
111 Diiigj'jinis juid nunicrous Calculations. By K. W. STEWART, 
D.Sc. Lond. Second Edition. Ss. 6d. 

“The diagiams are neat and accurate, the punting excellent, and the arrange- 
ment of the matter clc..r and jirccisc." — Practical Teacher. 

“ he volumes (Zn//i< and //c(r/)wiil bo found well ada])tod for general um* ly those 
students who ha^e alrea<ly masteied the first pniici 2 >le.s <>f j/hysics. Ihe .suhict t.'> are 
treated both mathcmataeally and e\])Lriiaentally, and the most important t- > uoius 
are illnstiatcd by diagrams ;ui<l fignre,s ” — School Guardian. 

IV. Magnetism and Electricity, Text- Book of. With 153 J^' i lams. 
By K. W. Stewart, D.tSc. Bond. Second Edition. 6s. 6d. 

“Will be found snitalrlo for general use as an introduction to the sm ty of 
electrical science.'' — irem. 

“ It is thoroughly well done." SchooLmaster. 

“The author has been very successful in making portions of the work not 
ordinarily regarded jis elementaiy ai>pear to be so by his simple exposition of them. 
— Teaches' Monthly. 
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S)frectoriea 

Matriculation Directory, with Full Answers to tne Examination 

Tapors. (^No. XVTI. will he published durinrj the fortnight fol- 
lowing the Exammation of January 1895.) Nos. VI., Vll., IX., 
X., XI., XII., XJJT., XIV., XV., and XVI. Is. eacli, net. 
Intermediate Arts Directory, with Full Answers to the Examination 
raper.s (except in Special Subjects for the Year). (^No. VII. 
will he published during the fortnight following the Examina- 
tion of July 1895.) No. IL, 1889 (with the French Honours 
Papers) to No. VI., 1893, Is. 6d. each, net. 

Inter. Science and Prelim. Sci. Directory. {No. V. will he published 
during the fortnight folloiving the Examination of July 1895.) 
No. T. (1890) to No. iv. (1893), 2s. 6d. each, net. 

B.A. Directory, with Full Answers to the Examination Papers 
(except in Special Subjects for the Year). No. I., 1889 ; II., 
1890; III., 1891. 2s. 6d. each, 9iet. No. IV., 1893 (witli Full 

Answers to the Papi'is in Latin, Greek, and Pure Mathematics). 
2s. 6d. net. {A^o. V. nnll he onhlished in November 1895.) 


trbe Xllniversit^ Correspon&ctit 

AND 

UNIVERSITY CORRESPONDENCE COLLEGE MAGAZINE. 

Issued every Saturday. Price Id., by Post l.jd. ; Half-yearly 
Subscription, 3s. ; Yearly Subscription, 5s. 6d. 

The Univebsity Couhespondent has a wide circulation among 
Grammar and Middle Class Schools, and, as a weekly journal, offers 
an excellent medium lor Advertisements of Posts Vacant and 
Wanted; no charge for these is made to Yearly Subscribers. 

Leading Featuues op ‘-The University Correspondent.” 

1. Fortnightly Erizes of One Guinea. 

2. Frequent Vigilance Prizes {Oiw to Three Guineas'). 

3. Special Prizes {One to Five Guineas). 

4. Hints and Ansieers to Students reading for London University, 

5. A nswers to (Jeyi'respondents on all University Matters. 
t). Papers set at London University Examinations, 

7. Full Solutions to Matriculation Papers. 

8. Pass Lists of London University Examinations, 

9. Calendar of London U^iiversity Events, 

10. Latest University News. 

11. Test Papers {with Answers) for London Matriculation. 

12. A Series of Articles on the Universities of the United Kingdom, 

13. Ladies' Column. 

14. Remews of Current Educational Literature. 

15. List cf Educational Boohs published du/rimg the month. 




